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B u rre ll, Diane E ., MAT, Summer 1982 Mathematics
Lessons to Develop Some Problem Solving Strategies fo r  High School 
Students o f Varying A b il it ie s  (102 pp.)
D irecto r: Shlomo Libeskind^/.
This thesis presents mathematics problems to be used in  teaching 
problem solving s k i l ls  to high school students. Four o f the chap­
te rs  introduce spec ific  problem solving techniques, examples o f 
th e ir  use, suggestions fo r  classroom presentation, and accompanying 
student exercises. The fo llow ing s ix  chapters present problems fo r  
the students to solve using these techniques. The heuris tics  o f 
the so lution and a lte rna te  methods o f so lu tion  are discussed. The 
problems can be approached from many levels and can lead to sus­
tained investigations in  algebra, geometry, and number theory.
INTRODUCTION
There is a strong movement among mathematics educators to empha­
s ize  problem so lv ing  in the mathematics c urr icu lum .  One of the  
recommendations of  the National  Council o f  Teachers of  Mathematics is 
th a t  "Problem solv ing  must be the focus o f  school mathematics in the  
1 9 8 0 s . I n  a n a t iona l  survey o f  mathematics educators ,  problem 
solv ing was c o n s is t e n t l y  ranked high in p r i o r i t y  f o r  increased emphasis
in the 1980s. I t  rece ived strong endorsement as the f i r s t  p r i o r i t y  fo r
2
the development o f  new m a t e r i a ls .
With a l l  t h is  emphasis on the importance o f  problem s o lv in g ,  the re  
is much confusion about how p r e c is e ly  to d e f in e  problem s o lv in g ,  and 
how to go about teaching students a problem so lv ing  process.  Most 
people w i l l  agree th a t  a good problem is one which requ ires  a student  
to " th in k "  — a very vague d e f i n i t i o n .  More p re c ise  c r i t e r i a  f o r  a
3problem can be der ived from Bloom's Taxonomy o f  Educational  O b jec t iv e s .  
Six major c a tegor ie s  o f  c o g n i t i v e  thought processes are  l i s t e d :
Nationa l  Council o f  Teachers of  Mathematics,  An Agenda fo r  A c t i o n : 
Recommendations fo r  School Mathematics of  the 1980s (Reston: NCTM 
Pub l ica t  io n s , 1980).
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Nationa l  Council o f  Teachers o f  Mathematics,  P r i o r i t i e s  in School 
Mathemat?cs (Reston: NCTM P u b l ic a t io n s ,  1981) ,  p. 2 9 .
3
Benjamin S. Bloom, e d . ,  Taxonomy o f  Educational  O b je c t i v e s , v o l .
1: Cogni t ive  Domain (New York: David McKay C o . ,  1956) ,  p. 201-207.
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1. Knowledge
2. Comprehens ion
3. A p p l ic a t io n
k . Analysi  s
5. Synthesis
6. Eva 1uat ion
They are  l i s t e d  in a h ie r a r c h ic a l  o rd er ;  the o b je c t iv e s  in one c lass  
g e n era l ly  are b u i l t  on the behaviors in the preceding c las se s .
One c r i t e r i o n  t h a t  a good problem should meet is t h a t  i t  make use 
o f  a t  le a s t  one o f  the upper th ree  c o g n i t i v e  l e v e l s ,  a n a l y s is ,  synthe­
s i s ,  or  e v a lu a t io n .  Mathematics is perhaps the n a tu ra l  subject  f o r  
teaching the process o f  a n a ly s is .  To solve a math problem or  to under­
stand an a lg o r i th m ,  the student must ana lyze  the elements o f  the problem 
and the r e la t io n s h ip s  between them. Teaching a student how to  approach 
s y s te m a t ic a l ly  such an a n a ly s is  is a primary problem so lv ing  goa l .
Synthesis is the process o f  arranging elements and par ts  to produce 
a new p a t te rn  or s t r u c t u r e .  Again ,  mathematics is we l l  su i ted  to 
exerc ise  th is  process through the use o f  mathematical  g e n e r a l i z a t io n s .  
G en era l iz ing  requires  a student to develop a new s t r u c tu r e  from the  
pieces of  s p e c i f i c  problems. Formulat ing hypotheses is a lso considered  
a type of  syn thes is ,  as is d e r iv in g  a plan f o r  a t ta c k in g  a p a r t i c u l a r  
problem.
Bloom defined two types o f  e v a lu a t io n :  e v a lu a t io n  in terms of
in te rn a l  evidence and e v a lu a t io n  in terms o f  e x te rn a l  ev idence.  Any 
sort  o f  proof requ ires  the student to  judge the v a l i d i t y  o f  a lo g ic a l
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argument and th e r e fo r e  would c o n s t i t u t e  e v a lu a t io n  in terms o f  in te rn a l  
evidence.  The comparison o f  theor ies  or  methods would re q u i re  the use 
of  e va lu a t io n  in terms o f  e x te rna l  evidence.
The quest ion o f  how to teach a student to solve  problems is f a r  
more d i f f i c u l t  than t h a t  o f  s e le c t in g  good problems to so lve .  A l f re d  
North Whitehead put f o r t h  some i n t e r e s t in g  thoughts on stages of  
l e a rn in g .  He maintained t h a t  there  was a n a tu ra l  rhythm to the  mastery  
of a s u b je c t ,  and th a t  educators would be most successful  i f  they  
adapted t h e i r  teaching to t h i s  rhythm. He def ined  th re e  stages which 
must be passed through before  any m a te r ia l  can be t o t a l l y  understood.  
These three  stages he c a l l e d  romance, p r e c is io n ,  and g e n e r a l i z a t io n .  
Romance is the i n i t i a l  f a s c in a t io n  w i th  a new problem. I t  is the pro ­
cess o f  discovery  and the stage o f  q u e s t io n in g ,  exper im ent ing ,  and 
e x p lo r in g .  Whitehead contends t h a t  i t  is the romance stage which pro­
vides the m ot iva t ion  f o r  so lv ing  the problem. " . . .  a stage of  p re ­
c is io n  is barren w i thout  a previous stage of  romance: unless there  are  
fa c ts  which have a l re ady  been vaguely apprehended in t h e i r  broad 
g e n e r a l i t y ,  the a n a ly s is  . . .  is simply a s er ie s  o f  meaningless s t a t e ­
ments about bare f a c t s ,  produced a r t i f i c i a l l y  and w i thout  any f u r t h e r  
re levance.
Prec is ion  is the stage most emphasized in schools.  I t  is the pro ­
cess o f  an o r d e r ly  a c q u is i t io n  and o rg a n iz a t io n  o f  f a c ts  and d e t a i l s .  
"The fa c ts  o f  romance have disclosed ideas w i th  p o s s i b i l i t i e s  o f  wide
A l f r e d  North Whitehead, Aims of  Education and Other Essays (New 
York: Macmil lan Company, 1929),  p. 29.
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s i g n i f i c a n c e ,  and in the stage of  prec ise  progress we acqu ire  o ther  
fac ts  in a prec ise  order  . . .
G e n e ra l i z a t io n  is the stage which t r u l y  te s ts  the mastery of  the  
s o lu t io n  o f  a problem. To learn  something permanent from a problem,  
one must be ab le  to g e n e ra l i z e  the s o lu t ion  and apply i t  to^other  pro­
blems. Wi thout t h i s  s tage,  students '  problem solv ing a b i l i t i e s  w i l l  not
*
grow. They w i l l  remain stuck in the rut  o f  seeing each problem as an 
iso la te d  obs ta c le  and not as p a r t  o f  the u n i f i e d  s t ru c tu re  o f  mathe­
matics .
The problems presented in t h i s  th e s is  a re  intended to be used w i th  
high school students .  The so lu t ions  have been w r i t t e n  w i th  the assump­
t io n  th a t  they w i l l  be presented to students who have a knowledge of  
algebra  and geometry.  However, the problems have been s p e c i f i c a l l y  
chosen to  be adaptable  to many le v e ls  and most o f  them could be modif ied  
f o r  use a t  a lower l e v e l .  A l l  the problems chosen use a t  leas t  one o f  
the c o g n i t iv e  thought processes of  a n a l y s is ,  syn thes is ,  or e v a l u a t i o n , 
and Whitehead 1 s th ree  stages of  lea rn ing  have been u t i l i z e d  whenever 
poss ib le .
There is a great  deal  o f  d i f f e r e n c e  between so lv ing  problems and 
teaching problem sol ving~ ski 11 s. To have students p r a c t ic e  so lv ing  pro­
blems, the teacher  would simply present a problem and expect the  
students to  s i t  down and solve i t  on t h e i r  own. For most high school 
students ,  however, t h i s  would merely be an exerc is e  in f r u s t r a t i o n .
i;
Ib id .  , p. 30 .
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The purpose in teaching problem solv ing is to help students develop  
techniques and processes to use in a t ta c k in g  a problem. The techniques  
should be discussed a t  len g th ,  and students should have many o p p o r tu n i ­
t i e s  to p r a c t ic e  them. The f i r s t  four  chapters  introduce the s tudent  to  
some basic problem so lv ing  techniques.  These techniques are  used in 
subsequent problems, and the students should be f a m i l i a r  w i th  them so 
t h a t  i t  does not seem as though t h e i r  use is a r t i f i c i a l .  Not a l l  s t r a t ­
egies th a t  w i l l  be used are  covered,  only  those which students probably  
have not discussed p re v io u s ly .
George Polya contends there  is much to  be learned from fo l lo w in g  
the s o lu t io n  of  a problem w i th  genuine i n t e r e s t  and in s ig h t .  I t  
c e r t a i n l y  is  not harmful to  have the teacher demonstrate the s o lu t io n  
to  a problem as long as the emphasis is on the h e u r is t i c s  o f  the so lu ­
t io n  and not merely on the answer to the problem.
One s t ra te g y  tha t  works very wel l  in teaching problem s o lv ing  is  
to have the students work together  in groups. In non-academic 
s i t u a t i o n s ,  most problem solv ing seems to be done by group in t e r a c t i o n  
ra th e r  than i n d i v i d u a l l y .  Access to  several  v iewpoints  can lessen 
student f r u s t r a t i o n  and b u i ld  confidence.
The successful teaching of  problem solv ing  is u l t i m a t e l y  a fu n c t io n  
o f  the te acher .  The teacher  has to f in d  the median between simply  
t e l l i n g  students the answer and l e t t i n g  them f lounder  in f r u s t r a t i o n .
Any teacher  must be f l e x i b l e  enough to be responsive to the needs o f  
the c lass  ra th e r  than to  a preconceived lesson p lan .  The atmosphere 
should be open enough to a l lo w  students to v o lu n te e r  t h e i r  ideas w i t h -
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out f e a r  o f  f a i l u r e ,  f o r  students can learn much from t h e i r  mistakes i f  
they are  not embarrassed by them. F i n a l l y ,  the teacher  must be 
e n th u s ia s t ic  about the problem and be w i l l i n g  to  discuss the thought  
processes being a p p l ie d .  Teacher enthusiasm w i l l  o v e r r id e  almost any 
f law  in the s t r u c tu r e  o f  the lesson, but teacher d i s i n t e r e s t  w i l l  
endanger the s p i r i t  o f  romance necessary to any successful  problem 
solv ing  exper ience.
The author has ind ica ted  where she adapted methods, problems, and 
ideas from other  sources.  Although a p a r t i c u l a r  problem may have come 
from another source,  unless otherwise  in d ic a te d ,  the development o f  the  
s o lu t ion  and the accompanying h e u r i s t i c s  are  due to  the au thor .
PICTURE THIS
Drawing a diagram o f  a s i t u a t i o n  is one of  the most basic problem 
solv ing techniques.  In the elementary  grades,  p ic tu re s  a re  h e a v i ly  
r e l i e d  upon to e xp la in  and c l a r i f y  problems. As students become more 
exper ienced,  p i c t o r i a l  representa t ions  are  used less .  In high school 
math courses,  diagrams are  s t i l l  used in geometric c o n te x ts ,  but t h e i r  
use is sometimes ignored in a r i t h m e t ic  or a lg e b r a ic  s e t t in g s .  This  
chapter  i l l u s t r a t e s  the usefulness of  a diagram in problems where the  
students must deal  w i th  a jumble of  unorganized data .
The fo l lo w in g  problem is a good example:
Banks th a t  are  members o f  the same system o f te n  s h i f t  
funds among themselves as needed. Each bank,  however,  
is  a separate  e n t i t y  and is responsib le  f o r  i t s  own 
funds.  Cal l  f i v e  banks in a system A, B, C, D, and E.
On Monday, bank A loaned $21000 to  bank B. On Tuesday 
bank A experienced heavy demand and had to borrow 
$7000 from bank C and $20000 from bank D. Wednesday 
bank B borrowed $12000 from bank E and bank D in turn  
borrowed $10000 from bank B. Thursday bank E borrowed 
$5000 from bank A. On Fr iday the banks balance t h e i r  
ledgers .  I f  a l l  loans were re p a id ,  which bank would 
end up w i th  $1000 less than i t  had before  the loans 
were repaid?
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O rgan iza t ion  of  the f a c t s  is accomplished by using a diagram which shows 
where money has to  be re turned .  Arrows in d ic a te  which bank gives money 
to which o ther  bank.
Now i t  is a simple matter  to  c a l c u l a t e  each bank's net gain or loss .
We see th a t  bank A pays out a t o t a l  of  $27000 and rece ives a t o t a l  of  
$26000 so i t  has a net loss o f  $1000.
In c o n s t ru c t in g  t h i s  diagram, students might want to po in t  arrows  
the o ther  way, showing where money was loaned, not where i t  should be 
re turned .  Emphasize th a t  the s i t u a t i o n  we are  diagramming is th a t  
where the banks re turn  the money, not lend i t .
Diagrams can o f te n  be used to  help students c l a r i f y  numerical  
o rd e r .  Consider th is  problem:
Beginners o f te n  focus on the words " less  than" and immediately decide  
to  s u b t r a c t .  So they subtra c t  $200 from $1200 to get $1000, d iv id e  
th a t  in h a l f ,  and conclude tha t  Ed makes $500 a month. I f  they draw a 
diagram, i t  w i l l  help them r e a l i z e  e x a c t ly  which income is less than
Dave's monthly income is  $200 less than double 
Ed's monthly income. I f  Dave makes $1200 a month,
what does Ed make?
which. We draw a l i n e  and place Dave's income on i t .
9
1200 -  Dave
Dave's income is less than tw ice Ed's income, so on the diagram Dave's  
income should l i e  below two times Ed's income. Dave's income and twice  
Ed's income are  separated by $200.
-1- 2 x Ed 
4
1200
200
I
Dave
Now from looking a t  the diagram, i t  is  c le a r  th a t  two times Ed's income 
is $1A00, so Ed's monthly income must be $700.
A more complicated problem which can be solved w i th  the same tech­
nique is:
I f  the weekly income o f  an assembly l i n e  worker a t  
General Motors doubled,  he would be making $80 a 
week more than a s im i l a r  worker a t  Ford.  The General  
Motors w orker 's  weekly income is $90 more than one-  
h a l f  o f  the weekly s a la ry  o f  a worker a t  C h ry s le r .
The Chrys ler  worker makes $220 a week. How much do 
the workers a t  General Motors and Ford make?
The f i r s t  sentence t e l l s  us t h a t  two times the weekly income of a 
worker a t  General Motors is $80 above a Ford w orker 's  weekly income.
2 x GM
f  
80
x A■f Ford
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The second sentence compares General Motors'  and C h r y s le r 's  s a l a r i e s .  
Since we do not know where Chrys le r  would f i t  on the diagram we have 
j u s t  drawn, we make a new one to  i l l u s t r a t e  the second sentence.
•- GM
t
90 
, >-- x Chrys ler
Now the t h i r d  sentence a l lows us to s t a r t  p u t t in g  numbers on the d i a ­
grams. Since a worker a t  Chrys ler  makes $220 a week, o n e -h a l f  o f  h is  
sa la ry  is $110.  A General Motors worker is'  $90 above t h a t ,  so he makes 
$2®0 a week. Then tw ice  the General Motors income is $400 and the Ford 
income is $80 below t h a t ,  or  $320 a week.
400 -- 2 x GM
1
80
x  *320 +  Ford
200 -- GM
t
90
110 -- Tj- x Chrys le r  
Suppose th a t  instead o f  g iv ing  the Chrys ler  w orker 's  s a la ry  o u t ­
r i g h t ,  the problem s ta te s  t h a t  the Chrys ler  worker makes $20 a week 
more than the General Motors worker .  The fo l lo w in g  diagrams can then 
be drawn:
Chrys ler
?
20
i
GM
-- 2 x GM - GM
t f
80
I
90
I
-- Ford
IV
- Chrysler
The l a s t  two diagrams can be combined.
1*
4  2 x GM ■] 
t
• GM
1
80
1
90
1 f- — Chrys le r-• Ford
j  Chrys ler
We can then i n f e r  t h a t  since the d i f f e r e n c e  between a f u l l  Chrys le r  
sa la ry  and h a l f  a Chrys le r  s a la ry  is $110,  the Chrys le r  sa la ry  must be 
$220 a week.
Now vary the problem again and suppose t h a t  the t h i r d  sentence  
reads: Twice the Ford w orker 's  sa la ry  is $20 less than t r i p l e  the s a la ry  
o f  the Chrys ler  worker .  Then the diagrams look l i k e  t h i s :
3 x Chrys le r
t  
20
4
2 x Ford
Now i t  is d i f f i c u l t  to combine the diagrams, because there  are  no common 
q u a n t i t i e s  between them. In t h i s  s i t u a t i o n ,  i t  is e a s ie r  to use the  
diagrams to  w r i t e  th re e  equat ions:
F + 80 = 2G 
j C  + ,90 = G 
2F + 20 = 3p
This system o f  equations can then be solved to g ive numerical  r e s u l t s .
This s t y l e  o f  diagramming is used in Ar thur  Whimbey and Jack 
Lockhead, Problem Solving and Comprehension ( P h i la d e lp h ia :  F ran k l in  
I n s t i t u t e  Press,  1979)-  Many more problems s im i l a r  to the l a s t  two may 
be found in t h i s  source.
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Flow c h a r t in g  is a diagramming method which has expanded from the  
computer f i e l d  in to  numerous o th e r  areas .  I t  is a good tool  f o r  fo rc in g  
a student to see a problem as being composed o f  numerous in d iv id u a l  
steps which are  l inked together  in a s p e c i f i c  sequence. An equat ion can 
be represented by a f low c h a r t .  To solve the equ at io n ,  the student must 
reverse the f lo w c h a r t ,  rep lac ing  each a r i t h m e t ic  in s t r u c t io n  w i th  i t s  
inverse o p e ra t io n .  ------
kx  + 3 = 2 7 : / S t a r t  w i t h \
Isome number)
V_______
m u l t ip ly  by A
add 3 
y
/  r e s u l t \
\ ' s 1
Teachers in te re s te d  in f u r t h e r  examples and uses of  f lo w c h a r t in g  
in teaching beginning a lgebra  are  re fe r r e d  to Max A. Sobel and Evan M. 
Male tsky ,  E ss e n t ia ls  o f  Mathemat ics , v o l .  3: S k i l l s  and Concepts 
(Boston: Ginn & Co. ,  1969).
Venn diagrams are  o f te n  very useful  in he lp ing  to sor t  out  
numerical  in fo rm at ion .  Many upper elementary mathematics textbooks  
conta in  problems which can be solved using Venn diagrams, but the p r o ­
cedure is seldom used in high school math c la sse s .  Consider t h i s  pro ­
blem:
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In a survey of  70 v o te r s ,  12 ind ica ted  they supported  
l e g a l i z e d  gambling,  18 were in fa vor  o f  more nuc lear  
power p la n ts ,  and 2k supported increased coal  production .
Of these,  6 supported both l e g a l i z e d  gambling and nuclear  
power p l a n t s ,  k were f o r  l e g a l i z e d  gambling and increased 
coal p ro d uc t ion ,  and 10 were in fa vor  o f  nuc lear  power 
plants  and increased coal production.  One person was 
in favor  o f  a l l  th ree  issues.
(a) How many were in favor  o f  none o f  the items?
(b) How many were only  in fa vor  o f  l e g a l i z e d
gambli ng?
(c) How many supported only  nuc lear  power p lants?
(d) How many supported only  increased coal pro­
duction?
When presenting t h i s  problem to a c la s s ,  i t  is a good idea to l e t  
them t r y  answering the quest ions as a group w i th  no i n i t i a l  d i r e c t i o n  
from the tea che r .  They soon decide th a t  the over lapping in formation  
is  very confusing,  and they need some scheme f o r  s o r t in g  i t  o u t .  The 
teacher  could s uggest . t h a t  they imagine i n v i t i n g  a l l  70 people out to  
the f o o t b a l l  f i e l d  and t r y  to separate  them so t h a t  a l l  the people who 
supported an issue were standing in a common a rea .  We could represent  
the area where we want the people support ing l e g a l i z e d  gambling to  
stand by a c i r c l e .  The students are  quick to r e a l i z e  th a t  i f  we want 
to  represent  the o ther  two issues by c i r c l e s  a ls o ,  then the th re e  
c i r c l e s  must o v e r la p .  So we s t a r t  w i th  the fo l lo w in g  diagram:
\h
G s i g n i f i e s  the c i r c l e  where the supporters o f  l e g a l i z e d  gambling w i l l  
stand,  N is the c i r c l e  fo r  those in favor  o f  nuc lear  power p la n t s ,  and 
C is f o r  the supporters o f  increased coal product ion .
Not ice  th a t  each c i r c l e  is d iv ided in to  four  s ec t ions .  We cannot 
j u s t  ask a l l  those who favor  nuc lear  p la n ts  to stand in the N c i r c l e ;  
i t  makes a d i f f e r e n c e  in which section they stand.  Ask the c lass  who 
is the e a s ie s t  person to  p la ce ,  and they should r e a l i z e  i t  is the one 
person who is in favor  o f  a l l  th re e  issues.  He must stand in GnNnc. 
(Be caut ious about using t h i s  n o ta t io n  i f  the c lass  is  not comfortable  
w ith  i t . )
Now consider those people who stand in the o v er la p  o f  two c i r c l e s .
There should be a t o t a l  o f  6 people in GnN. One person is a l re ady  
t h e r e ,  so we must have 5 people in GnN but not in GnNnC. S i m i l a r l y ,  we 
need 3 in GoC but not in GnNnC, and the re  must be 9 people in NnC but 
not in GnNnC.
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We are  now ready to p lace  those people who a re  in favor  o f  only one 
issue.  Twelve people stand in the G c i r c l e ;  9 a re  a l r e a d y  there  so we 
must add 3 more in the sec t ion  not a l ready  f i l l e d .  We a ls o  must add 3 
to  the N c i r c l e  and 11 to the C c i r c l e .  The completed diagram is shown.
Now the quest ions a re  easy to answer. We see t h a t  th e re  are  a 
t o t a l  o f  35 people standing in the c i r c l e s .  Since 70 people were sur ­
veyed, 35 must be standing ou ts ide  the c i r c l e s ,  s ig n i f y i n g  tha t  they  
were in favor  o f  none o f  the issues.  Three people were in favor  of  
l e g a l i z e d  gambling o n l y ,  th ree  supported j u s t  nuc lear  power p la n ts ,  
and 11 were only  in fa v o r  o f  increased coal  production.
The problems in t h i s  chapter  were s p e c i f i c a l l y  chosen to i l l u s t r a t e  
the value  o f  drawing diagrams to  help c l a r i f y  a given s i t u a t i o n .  This  
is  a basic problem solv ing  s t r a t e g y ,  and students should be encouraged 
to  use i t  whenever i t  seems a p p r o p r ia t e .  Fol lowing are  some a d d i t io n a l  
problems to g ive  the s ^ d e n t s  more p ra c t ic e  w i th  the techniques j u s t  
i n t roduced.
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PROBLEMS
1. One day l a s t  January,  Gary,  Nancy, R ick ,  and Diane went ice
f i s h in g  a t  Georgetown Lake.  Gary and Nancy to gether  caught 12 more
f i s h  than twice  the number Diane caught .  R ick ,  who caught 17 f i s h ,  
had A less than Nancy but 6 more than Diane. How many f i s h  did 
Gary catch?
2. Marsha makes $25 a week less than the sum of  what Judy and Gail  
together  make. G a i l ' s  weekly income would be t r i p l e  C a r o l 's  i f  
she made $50 more a week. Carol makes $75 a week. How much more 
than Judy does Marsha make?
3. In a survey o f  25 c o l le g e  students ,  i t  was found that  o f  the  three  
Montana newspapers, M is so u l ia n ,  Great F a l l s  T r ibune ,  and B i l l i n g s  
G azet te ,  12 read the M issou l ian ,  11 read the T r ib u n e ,  10 read the  
G azet te ,  h read th e -M iss ou l ian  and the T r ib u n e ,  3 read the
Missoulian and G az e t te ,  3 read the Tr ibune and G aze t te ,  and one
person read a l l  t h r e e .
(a) How many read none o f  the newspapers?
(b) How many read the Missoulian alone?
(c) How many read the Tr ibune alone?
(d) How many read the Gazette alone?
(e) How many read n e i t h e r  the Missoulian nor the Tribune?
( f )  How many read the Missoulian or the Tribune  or  both?
ANSWERS
1. Gary caught 13 f i s h .
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2.  Marsha makes $150 a week more than Judy.
3. (a) 1 (b) 6 (c) 5 (d) 5 (e) 6 ( f )  19
USING MANY VARIABLES
A great  many problems re qu ire  students to t r a n s l a t e  English phrases 
in to  proper a lg e b ra ic  r e la t io n s h ip s .  The a b i l i t y  to t r a n s l a t e  c o r r e c t l y  
is a fundamental necess i ty  fo r  successful  problem so lv in g .  I f  the  pro­
blem is t r a n s la te d  i n c o r r e c t l y ,  a l l  the s o p h is t ic a te d  mathematics and 
c le v e r  s t r a t e g ie s  in the world w i l l  not y i e l d  a v a l i d  s o lu t io n .  There 
is a simple technique which can help students t r a n s l a t e  word problems 
c o r r e c t l y ,  and th a t  is the use o f  several  v a r i a b l e s .  This technique is 
taught during the study of  simultaneous equat ions,  but in the a u th o r 's  
opinion i t s  use is o f te n  neglected in o ther  areas o f  the curr icu lum .
Most high school a lgebra  textbooks w i l l  solve problems using the m in i ­
mum number o f  v a r i a b l e s ,  but the r e la t io n s h ip s  in a problem and the  
a lg e b r a ic  t r a n s la t i o n s  o f  those r e la t io n s h ip s  can o f te n  be made much 
c l e a r e r  by using more v a r i a b l e s .  Here is a t y p ic a l  problem which would 
appear q u i te  e a r ly  in an Algebra I t e x t .  A t r a d i t i o n a l  o n e -v a r ia b le  
s o lu t io n  is given and a lso  a m u l t i - v a r i a b l e  s o lu t io n .
Joe,  Harry ,  and Sue a l l  c o l le c te d  cans f o r  re c y c l in g .
Joe c o l l e c t e d  29 pounds more than Harry but 13 pounds 
less than Sue. Three times the weight Joe c o l le c te d  
is ^3 pounds less than twice the weight Harry c o l le c te d  
added to tw ice  the weight Sue c o l l e c t e d .  How many 
pounds o f  cans d id  each one c o l l e c t ?
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The o n e -v a r ia b le  approach requires  th a t  we f i r s t  assign a v a r i a b l e  
to represent the number o f  pounds th a t  one person c o l l e c t e d .  Immediately  
the students are  faced w i th  a problem o ther  than th a t  o f  t r a n s l a t i o n .
The quest ion asks fo r  the weight o f  cans th a t  th ree  people c o l l e c t e d ,  
but we can only use one v a r i a b l e .  What should i t  represent? The 
a b i l i t y  to  choose e f f i c i e n t  v a r i a b le  assignments is a s k i l l  th a t  comes 
w ith  exper ience ,  and sometimes those choices a re  very d i f f i c u l t  to  
j u s t i f y  to a student w i thout  such exper ience.
Suppose i t  is  decided to  l e t  x represent  the number o f  pounds th a t  
Harry c o l l e c t e d .  We are  then faced w i th  the task o f  w r i t i n g  expressions  
f o r  the number o f  pounds th a t  Joe and Sue c o l l e c t e d .  The expression  
(x + 29) f o r  the number o f  pounds th a t  Joe c o l le c t e d  is f a i r l y  obvious  
to s tudents .  To w r i t e  an expression fo r  the number o f  pounds Sue 
c o l l e c t e d ,  they must r e a l i z e  th a t  she c o l le c te d  13 pounds more than Joe.  
The number o f  pounds she c o l le c t e d  is then (x + 29) + 13 = x + 42 .  I t  
is  very confusing fo r  some students to see the words "13 pounds less  
than" t r a n s la te d  in to  "+ 13" in the expression .  Use o f  v e r t i c a l  diagrams 
as introduced in the previous chapter  might help c l a r i f y  the reasoning.  
The equation  to solve the problem is then t r a n s la t e d  as 
3(x  + 29) = 2x + 2 (x  + 42) -  43.
Understanding a l l  the steps th a t  lead to  the  f i n a l  equat ion is  very  
d i f f i c u l t  f o r  the average s tudent .  In a d d i t io n  to  decid ing what the  
v a r i a b l e  should represent ,  he has to sor t  through the problem to decide  
which in formation leads to an equation and which gives expressions f o r  
the o th e r  unknowns. These are  v a luab le  s k i l l s  to l e a r n ,  but the whole
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process is a l i t t l e  overwhelming to students who are  j u s t  beginning to 
t r a n s l a t e  words in to  equat ions.
Once students become comfortable  w i th  the concept o f  a v a r i a b l e ,  
they seem to  want to  assign a v a r i a b l e  to  every unknown q u a n t i t y .  Why 
not l e t  them fo l lo w  t h e i r  in s t i n c t s  and use as many v a r ia b le s  as they  
th in k  are  necessary? For the above problem we could use:
J = number o f  pounds Joe c o l le c t e d
H = number o f  pounds Harry c o l le c t e d
S = number o f  pounds Sue c o l le c t e d
I t  is then f a i r l y  s t ra ig h t fo rw a rd  to a r r i v e  a t  the fo l lo w in g  equations:
J = H + 29 
J = S -  13 
3J = 2H + 2S -  k3 
In w r i t i n g  these equat ions  the emphasis is on t r a n s l a t i o n ,  which is 
what the student is supposed to be p r a c t ic in g  a t  t h i s  p o in t .  I t  makes 
the t r a n s l a t i o n  much e a s ie r  i f  the students choose l e t t e r s  f o r  the  
v a r i a b l e s  t h a t  a re  re la te d  to  the q u a n t i t i e s  they represent .  To solve  
the e quat ions ,  the teacher  must show the students the s u b s t i t u t io n  te ch ­
nique.  There is r e a l l y  no reason why t h i s  method cannot be introduced  
before  graphs, s lopes,  and simultaneous equat ions are  s tud ied .  Students  
accept the technique q u i t e  r e a d i l y ,  and i t  c rea tes  a good oppor tu n i ty  
f o r  s t re s s in g  the meaning of  e q u a l i t y  and e q u iva le n t  equat ions.
Here is another example o f  a t y p ic a l  Algebra I problem th a t  lends 
i t s e l f  to a m u l t i - v a r i a b l e  s o lu t io n :
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Joan scored 58 po ints  on a t e s t ,  re c e iv in g  f i v e  po ints  
f o r  each c o r r e c t  answer and los ing two po ints  f o r  each 
in c o r re c t  answer.  I f  the number she had c o r rec t  was 
two more than twice the number she had i n c o r r e c t ,  how 
many did she have co r rec t?
A o n e -v a r ia b le  so lu t io n  would have one o f  the fo l lo w in g  two forms:
x = number o f  c o r re c t  answers 
■̂ ■(x -  2) = number o f  in c o r re c t  answers 
equat ion: 5x -  2 [ l ( x  -  2 ) ]  = 5 8
or
x = number o f  in c o r re c t  answers 
2x + 2 = number o f  c o r r e c t  answers 
equat ion: 5 (2x + 2 )  -  2x = 58
In the f i r s t  v e r s io n ,  i t  is ext remely  d i f f i c u l t  f o r  most students to  
a r r i v e  a t  an expression f o r  the number o f  in c o r re c t  answers. The second 
version requ ires  ass igning the v a r i a b l e  to a q u a n t i ty  not being sought,  
which can a lso  be confusing fo r  beginners.
Now consider a s o lu t io n  using more than one v a r i a b l e ,  
c = number o f  c o r re c t  answers 
i = number o f  in c o r re c t  answers 
equat ions: c = 2 + 2i
5c -  2 i = 58
The t r a n s la t i o n s  in t h i s  case are  very s t r a ig h t fo r w a r d  and the r e s u l t in g  
equat ions a re  very easy to  solve by s u b s t i t u t i o n .
As students gain exper ience w i th  word problems, they w i l l  need to
re ly  on a many-var iab le  s t ra te g y  less and less .  They can always re turn
to i t ,  however, to  help analyze  a p a r t i c u l a r l y  confusing problem. Con­
s id er  the fo l lo w in g  advanced problem:
A t reasure  is located a t  a po int  along a s t r a i g h t
road w i th  towns A, B, C, and D on i t ,  in t h a t  o rd e r .
A map gives the fo l lo w in g  in s t r u c t io n s  f o r  lo c a t in g  
the t re a su re :  (1) S t a r t  a t  town A and go h a l f  o f  the
way to C. (2) Then go o n e - th i r d  o f  the way to  D.
(3) Then go o n e - fo u r th  o f  the way to B, and d ig  f o r
the t re a s u re .  I f  AB = 6 m i le s ,  BC =• 8 m i le s ,  and
the treasure  is buried midway between A and D, f in d
the d is tance  from C to d J
The s o lu t ion  requires  ana lyz ing  each i n s t r u c t io n  in tu rn .  A p i c ­
tu re  o f  the road and town suggests a number l i n e ,  so l e t  us use th a t  as
a model. I t  would be convenient to  have a re fe rence  p o in t ;  f o r  s im p l i ­
c i t y  choose po int A to be zero .
A_______________B____________________C______________ D
v — v—  ^  - ■1 1—  -  y — -
6 8 x
We do not know CD so l e t  the f i r s t  unknown, x ,  be the d is tan ce  from C
to  D. Step 1 says to s t a r t  a t  A and go h a l f  o f  the way to  C. The d i s ­
tance from A to C is 14, so a f t e r  step 1 we are  a t  the po in t  P, whose 
coord inate  is 7.
^Loren Johnson, e t .  a l . ,  How to  Boil  an Egg in 15 Minutes and Other 
Problem Solving Exerc ises ,  M issou la ,  1977, P- 8 9 . (Mimeographed. )
Step 2 requ ires  us to  go o n e - t h i r d  o f  the d is tance  from P to D.
Since we do not know t h i s  d is tan ce ,  l e t  y be the d is tance  from P to  D.
By studying the drawing, we see t h a t  y *  7 + x .  We then go l y ,  and end
up a t  some po in t  M, whose coord inate  is m. Then m -  7 + 4-y.
A B P M 0 D
Now step 3 t a l k s  about the d is tance  from M to B, again an unknown 
q u a n t i t y .  So l e t  z be the d is tance  from M to  B, and we know t h a t  z = 
m -  6. I f  we go o n e - fo u r th  o f  the d is tance  from M to B, we w i l l  end up
t  N, whose coord inate  is n m
We a lso  know th a t  N is halfway between A and D, so n = ^-(6 + 8  + x ) .
We now have two expressions f o r  n,  which we can equate.  We can use
several  s u b s t i tu t io n s  to  work back to  an equat ion w i th  only  one unknown.
j ( 6  + 8 + x) = m -  ir-z
■|-(14 + x) = m -  ^-(m -  6) (because z = m -  6)
+ x) = + |
+ x)  = | - (7 + -^y) + j  (because m = 7 + y / )
j ( H  + x) = + + x ) (because y = 7 + x)
x = 6 miles
By c a re fu l  s u b s t i t u t io n  and s im p l i f y i n g ,  we were ab le  to avoid an 
unwieldy equat ion a t  any s tep .  By c o n t r a s t ,  the equation der ived  when
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using j u s t  the v a r i a b l e  x is 7 + y ( x  + 7) “ y [ y ( x  + 7) + 1] = — — .
This equat ion o f f e r s  numerous o p p o r tu n i t ie s  f o r  e r r o r s ,  both in forming  
the equation  and in so lv ing  i t .
The technique of  using several  v a r i a b le s  and forming several  
equat ions is c e r t a i n l y  not unknown to s tudents ,  but i t  is v a s t l y  under­
used. Too o f t e n ,  i t  is introduced only in the chapter  on simultaneous  
equat ions.  Students should be exposed to  the power o f  t h i s  technique  
and be encouraged to use t h i s  method whenever i t  seems n a tu ra l  or  would 
seem to  c l a r i f y  a problem. At t imes,  the s o lu t io n  may not be as e legant  
as a s in g le  v a r i a b l e  one, but i f  i t  a ids the s tu d e n t 's  understanding o f  
a problem, then i t  is w o r th w h i le .  I t  provides the student w i th  one more 
tool  to use in a t t a c k in g  a perp lex ing  problem. Fol lowing a re  some pro­
blems which lend themselves to m u l t i - v a r i a b l e  s o lu t io n s .
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PROBLEMS
1. The sum of  the  measures of  the th re e  angles  in a t r i a n g l e  is  180° .
The f i r s t  angle is 22° more than tw ice the second an g le ,  and the
t h i r d  angle is 16° l a r g e r  than the second ang le .  Find the measure 
o f  each angle .
2. In a salvage opera t io n  on a sunken Spanish ga l leon o f f  the F lo r id a
co as t ,  *»8 a r t i f a c t s  were recovered.  There were two fewer jeweled  
b ra c e le ts  than carved marble f ig u r i n e s  recovered.  The number o f  
Spanish gold pieces reclaimed was two less than twice the  number of
marble pieces.  How many o f  each type o f  a r t i f a c t  were recovered?
3. The Montana Fish and Game Commissioner was to  be in Missoula f o r  a
pub l ic  hearing a t  5:00  in the a f te rn o o n .  He was delayed in Helena
and d id  not leave as soon as he had planned. At the t ime he l e f t ,
he c a lc u la t e d  t h a t  i f  he drove 50 miles per hour ,  he would reach 
Missoula a t  5 :3 0 .  I f  he t ra v e le d  60 mi les  per hour,  he would a r r i v e  
20 minutes e a r l y .  Can he get to Missoula in t ime f o r  the meeting  
w ithout  breaking the 55 m i le  per hour speed l i m i t ?
SOLUTIONS
1. V a r ia b le s :  = measure o f  f i r s t  angle
A2 = measure o f  second angle
A, -  measure o f  t h i r d  angle
3
Equations: Â  + A2 + A  ̂ = 180
A1 = 22 + 2A2
A^ = 16 + A2
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Answers: 
Var ia b les :
Equat ions:
Answers: 
V ar ia b le s :
Equations:
Answers:
A1 = 9 3 ° ,  A2 = 3 5 . 5 ° ,  A3 = 5 1 . 5 °
B = number o f  b ra ce le ts  
M = number o f  marble f ig u r in e s  
G = number o f  gold pieces  
B'*+ M + G = 48 
B = M -  2 
G = 2M -  2
B = 11 , M = 13,  G = 24 
D = d is tance  from Helena to Missoula  
= t ime a t  50 mph 
= t  ime a t  60 mph 
R = ra te  a t  which he would reach Missoula June a t  5:00
T = t ime i t  takes t r a v e l i n g  a t  ra te  R
D = 50T1
D = 60T„
D = RT
T ■ T i - i
T " T2 + f
D = 250 miles
= 5 hours 
T2 = 4g- hours 
R = 5 5 |  mph 
T = 4 j  hours
He cannot get to  Missoula on t ime w i thout  going s i i g h t l y  over the  
speed l i m i t .
CHANGING PERSPECTIVES
Everyone has experienced the f r u s t r a t i o n  o f  s t ru g g l in g  w i th  what we 
thought was a d i f f i c u l t  problem and then being shown a very simple 
s o lu t io n .  Usual ly  the s o lu t io n  in these cases seems to be based on some 
sort  o f  c le v e r  t r i c k ,  and our i n i t i a l  re ac t io n  is "How did they ever  
t h in k  o f  th a t? "  Students a lso  experience  th a t  f e e l i n g ,  and too often  
they are  l e f t  w i th  on ly  the s o lu t io n  to the problem and not w i th  any 
i n d ic a t io n  of  how the so lu t io n  was d iscovered .  While  the a b i l i t y  to  
reach such s o lu t ions  increases w i th  e xper ien ce ,  students must be given  
some to o ls  to help them a long. Otherwise i t  is very d i f f i c u l t  to  gain 
the necessary exper ience .
One h e lp fu l  technique is to  teach students to look a t  a problem 
from more than one p e rsp e c t iv e .  This a r t i c l e  conta ins s ix  problems th a t  
can be viewed in more than one way. Two o f  them cannot be solved unless  
they a re  viewed from the proper pe rs p e c t iv e .  The o ther  four  can be 
solved d i r e c t l y ,  but the s o lu t io n  becomes much s impler  w i th  a change of  
perspect i ve.
The f i r s t  problem is one th a t  might be found in any elementary  
geometry book.
A
C
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2.8
C i r c le  0 has a radius of  10 cm. AB and CD are  perpen­
d ic u la r  d iameters ,  SP J_ 0A and SR J_ 0D. Find the. length
o f  PR.
Most students immediately focus on AOPR and attempt to  f i n d  the  
length of  PR by using the Pythagorean Theorem. They q u ic k ly  d iscover  
th a t  there  is not enough in fo rmation  given to solve the problem t h i s  way. 
The s o lu t io n  is found by viewing PR as par t  o f  another geometrical  
f i g u r e ,  rectang le  OPSR. PR is a diagonal o f  t h i s  re c t a n g le ,  so i t s  
length must be the same as the length o f  the o th e r  diagonal , OS. How­
e ve r ,  OS is a radius o f  the c i r c l e  so i t s  length is immediately known to  
be 10 cm.
Not ice  how the problem is worded to obscure the proper p e rsp ec t ive .  
OPSR is never r e fe r re d  to as a re c ta n g le ,  and OS is not drawn. Textbook 
authors  do t h i s  in an attempt to prevent students from so lv ing  problems 
by r o te .  However, t h i s  p r a c t ic e  can e a s i l y  lead to  f r u s t r a t i o n  on the  
students '  p a r t  i f  they are  not acquainted w i th  the s t ra teg y  o f  changing 
perspec t ive s .  Many students do not know how to modify t h e i r  approach i f  
t h e i r  f i r s t  a ttempt  does not lead to  a s o lu t io n .  Changing perspec t ive  
is not always the m o d i f ic a t io n  th a t  is needed, but students should be 
aware th a t  i t  is  one of  the poss ib le  approaches to t r y .
Sometimes a problem can be solved d i r e c t l y ,  but a change of  perspec­
t i v e  w i l l  help f in d  a l t e r n a t e  methods of  s o lu t io n .  Here is an example 
of  a problem whose d i r e c t  so lu t io n  is ra th e r  te d io u s .  Changing perspec­
t i v e  leads to a much more e legant  s o lu t io n .
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T h i r t y - t w o  p layers  are  entered in a s in g le  e l im in a t io n  
tennis  tournament. What is the t o t a l  number o f  matches 
th a t  must be played to  determine a champion?
This problem can be solved by drawing an e l im in a t io n  diagram. Each l i n e  
represents a p l a y e r ,  and jo in e d  l in e s  in d ic a te  a match. Only the winner  
of each match advances to the next round.
round 1 round 2 round 3 round h round 5
We then simply count the number o f  matches in each round to  get 1 6 + 8 +  
4 + 2 + 1 = 3 1  t o t a l  matches.
The same answer could a lso  be reached w i thout  the diagram by 
r e a l i z i n g  t h a t  the number o f  matches in each round is h a l f  the number 
o f  p layers  in th a t  round, and each round e l im in a te s  h a l f  o f  the remain-
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ing p la y e rs .  In the f i r s t  round there  are  32 p layers  and 16 matches,
in the second there  are  16 p layers  and 8 matches, and so on.
These s o lu t ions  concentrated on the number o f  winners in each
A
round. Now change pe rspe c t ive  and concentrate  on the lo s e rs .  Each 
match e l im in a te s  one p la y e r .  With 32 p la y e rs ,  31 must be e l im in a te d  to  
determine a champion. So 31 matches must be played. This  approach 
gives the answer much f a s t e r  than the f i r s t  one. The f i r s t  perspect ive
leads to  an even more complicated so lu t ion  i f  the number o f  p layers  is
not a power o f  two; in t h a t  case some p layers  w i l l  have a bye in some 
matches. The second method g e n e ra l i zes  e a s i l y  to any number o f  p laye rs .
Sometimes mathematical  exper ience i t s e l f  can block the e a s ie s t  
approach to a problem. Here is a problem th a t  p re -a lg e b ra  students w i l l  
solve e a s i l y  but th a t  advanced a lgebra  students w i l l  u s u a l ly  f in d  q u i te  
d i f f i c u l t .
A bin conta ins 250 bushels o f  w in te r  wheat.  A higher  
p ro te in  content is des ired  so a c e r t a i n  amount o f  
w in te r  wheat is removed and replaced by the same amount
of spring wheat. A f t e r  the spr ing wheat is mixed in ,
i t  is decided to  ra is e  the p ro te in  content even more 
so the same amount o f  mixture  is removed and is replaced
by the same amount o f  spring wheat. The f i n a l  m ixture
conta ins  w in te r  wheat and spring wheat in the r a t i o  o f  
16:9 ,  r e s p e c t i v e ly .  How much w in te r  wheat was removed 
in a l l ?
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Students who have learned to solve problems by breaking them in to  
pieces and then a t ta c k in g  each piece w i l l  t r y  to determine how much 
w in t e r  wheat was removed each t ime.  I t  is possib le  to solve the problem 
t h i s  way, but the equat ion is ra th e r  complicated to set  up and re s u l ts  
in a quadra t ic  expression .  The more na ive  student w i l l  simply focus on 
the f i n a l  m ix tu re .  I f  x bushels o f  w in t e r  wheat were removed, then x 
bushels o f  spring wheat must have been added, and 250 -  x bushels of  
w in te r  wheat remain.  So we have the proport ion  — -- = -^-5 which 
gives x = 90 bushels.  I t  is possib le  to solve t h i s  problem w i thout  the  
use o f  a v a r i a b l e  a t  a l l  by noting th a t  the amount o f  w in t e r  wheat 
removed is equal to the amount o f  spr ing wheat in the f i n a l  m ix tu re .
q q
The f i n a l  mixture  is  spr ing wheat and ^=-(250) = 90.
In t h i s  case the change of  p erspect ive  was accomplished by concen­
t r a t i n g  on the end r e s u l t  o f  a process ra th e r  than on the process i t s e l f .  
In t h i s  problem th a t  change s im p l i f i e d  the s o l u t i o n ;  in others  i t  w i l l  
not .  Students should be aware o f  both perspect ives  so they can choose 
the a p p ro p r ia te  one f o r  a p a r t i c u l a r  s i t u a t i o n .
A problem which cannot be solved w i thout  a change o f  p erspect ive  is
t h i s :
A commuter is in the h a b i t  o f  a r r i v i n g  a t  h is  suburban 
s t a t io n  each evening a t  e x a c t ly  6 :0 0  P.M. His w i f e  is 
always w a i t in g  f o r  him w i th  the c a r ;  she too a r r i v e s  a t  
e x a c t ly  6 :00  P.M. She never v a r ie s  her route or  her 
r a te  o f  speed. One day he takes an e a r l i e r  t r a i n ,  
a r r i v i n g  a t  the s ta t io n  a t  5:00 P.M. He decides not
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to  c a l l  his w i f e ,  but begins to walk  home along the  
route she always takes .  They meet somewhere along  
the rou te ,  he gets  in to  the c a r ,  and they d r iv e  home, 
a r r i v i n g  10 minutes ear 1 i e r  than usual .  How long 
had he been walk ing when he was picked up by his wife?^
A student who t r i e s  to solve  th is  problem by cons ider ing  only  the hus­
band w i l l  f i n d  there  is not enough in fo rm at io n .  By changing p erspec t ive  
to  consider how long the w i f e  t r a v e l s ,  the problem becomes very simple.  
Since they a r r i v e  home 10 minutes e a r l i e r  than usua l ,  she t r a v e l s  5 
minutes less in each d i r e c t i o n .  There fo re  she meets him 5 minutes 
e a r l i e r  than usual ,  or a t  5 :5 5 .  He must have been walk ing  f o r  55 
mi n u te s .
Some students want to w r i t e  v a r ia b le s  and form equat ions f o r  t h i s  
problem. We can draw a diagram and use several  v a r ia b le s  to help us.
Let x be the number o f  minutes he walks ,  y be the number o f  minutes he 
r id e s ,  and z be the number o f  minutes i t  takes to r id e  a l l  the way from 
the s t a t i o n .
usual day t h i s  day
— j5:00  
V 60 
- - ^ 6:00
r- - • ' a r r i v e s  home
^Problem taken from Stephen K r u l i k  and Jesse A. Rudnick, Problem 
Solv ing ,  A Handbook f o r  Teachers (Boston: A l lyn  S Bacon, 1980) , p. 103.
5:00 
x
-Xmeets w i f e  
Y
a r r i v e s  home
On the day in que st ion ,  the  commuter a r r i v e s  home x + y minutes past  
5 :0 0 .  On an o rd ina ry  day he a r r i v e s  home z minutes past 6 : 0 0 ,  o r  x +
60 minutes past 5 :0 0 .  Since he a r r i v e s  home 10 minutes e a r l i e r  than on 
an o rd in a ry  day,  we can w r i t e  the equat ion:
(1) x + y  = 60 + z - 1 0  
Before we can solve  t h i s ,  however, we need some more in format ion  about  
the v a r i a b l e s .  We can get th is  in formation by switching our pe rspec t ive  
to  the w i f e ' s  po in t  o f  view.
usual day: t h i s  day:
-■*5:00  
• 60-2  
- - ^ le a v e s  home 
■2
--rtmeets husband (6 :00)
>2
a r r i v e s  home
On the day in que s t io n ,  she leaves the house, as she us ua l ly  does,  z 
minutes before  6 : 0 0 ,  o r  60 -  z minutes a f t e r  5 :00 .  She t r a v e l s  f o r  y 
minutes to meet her husband, and then t r a v e l s  y minutes back home. So 
she a r r i v e s  home a t  (60 -  z)  + 2y minutes a f t e r  5 :0 0 .  This is 10 minutes
I
before  her usual a r r i v a l  t ime o f  60 + z minutes past 5 :0 0 ,  so we have the  
equation (60 -  z) + 2y = (60 + z) -  10. This equat ion gives the  
r e l a t i o n  y = z -  5- S u b s t i tu t in g  fo r  y in equation  ( l ) ,  we f in d  th a t  x 
= 55 m inutes .
leaves home
f  j ineets husband
-y
- ' a r r i v e s  home
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In the previous problem, a change o f  p erspect ive  was needed to 
uncover enough information to  complete the problem. in the fo l lo w in g  
example,  the re  is enough in formation  to  solve the problem d i r e c t l y ,  but  
a change o f  perspec t ive  shortens the s o lu t io n  a g rea t  de a l .
Two b ic y c le  r i d e r s ,  Kate and Susie,  a re  25 miles a p a r t ,
r id in g  towards each o ther  a t  speeds o f  15 miles  per
hour and 10 miles  per hour,  r e s p e c t iv e ly .  A f l y  s t a r t s  
from Kate and f l i e s  toward Susie ,  then back to  Kate 
and so on. The f l y  continues f l y i n g  back and f o r t h  
a t  a constant ra te  o f  30 mi les  per hour,  u n t i l  the
2
b ic y c le  r id e r s  meet. How f a r  has the f l y  t ra ve led?
The quest ion is how f a r  the f l y  has t r a v e l e d ,  so the most d i r e c t
approach is to  t r y  and c a l c u l a t e  t h a t  d is tan ce .  The f l y  f l i e s  several
“ laps"  between Kate and Susie ,  and i t s  t o t a l  d is tance  is the sum o f
those laps.  While  the f l y  is f l y i n g  the f i r s t  lap ,  Susie t r a v e ls  a
dis tance  o f  s  ̂ and Kate t r a v e l s  a d is tan ce  of  k ^ . A l l  these dis tances
are  t r a v e le d  in the same amount o f  t im e ,  so we can use the r e la t i o n  
D 25 _ Sj k.
T = — to set up some propor t ions :  — = To = I T '  So lv ing ,  we f in d
th a t  s  ̂ = 6 .25  mi les  and k  ̂ = 9 .375  m i le s .  So the f l y  t r a v e l s  25 ~ 6 .2 5
= 18.75  miles  on the f i r s t  lap and the g i r l s  a re  then 25 ~ 6 .25  “ 9-375 -
9 .375  miles  a p a r t .  We can now c a l c u l a t e  how f a r  the f l y  t r a v e l s  on the
9-375 -  k2 s2 k2 
second lap using the proport ions —-----—--------  = To = Tjf* can c o n t ' nue
in t h i s  manner u n t i l  the g i r l s  “m eet ."  Obviously ,  some o f  the  answers
^ I b i d . ,  p. 105.
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w i l l  have to be rounded o f f ,  and the number o f  decimal places re ta ined  
w i l l  determine how many laps can be c a lc u la t e d .  Using an accuracy o f  
th re e  decimal p la ces ,  eleven laps can be c a l c u l a t e d ,  and the t o t a l  
dis tance  the f l y  t r a v e l s  is 29.989  m i les .  Students should r e a l i z e  th a t  
t h i s  is an approximate answer because o f  the rounding.
The method j u s t  descr ibed ,  w h i le  s t r a ig h t f o r w a r d ,  is long, t e d io u s ,  
and ne ce s sa r i ly  involves some round-o f f  e r r o r .  There is a much s impler  
so lu t io n  i f  we focus not on the t o t a l  d is tance  the f l y  t r a v e l s  but on 
the t o t a l  t ime i t  f l i e s .  I t  f l i e s  back and f o r t h  f o r  the length o f  t ime  
i t  takes Kate and Susie to  meet. Kate and Susie s t a r t  out 25 miles  
ap ar t  and move toward each o th e r  a t  a speed of 25. mi les  per hour ,  so they  
w i l l  meet in 1 hour.  Thus, the f l y  f l i e s  fo r  1 hour a t  30 mi les  per hour,  
so i t  must t r a v e l  30 m i le s .
When so lv ing  t h i s  problem, students should r e a l i z e  th a t  they w i l l  
have to use the r e la t i o n s h i p  D = RT in some manner. Since we a l re ad y  
know the f l y ' s  r a t e ,  f in d in g  e i t h e r  i t s  d is tance  or i t s  t ime w i l l  a l lo w  
us to  answer the qu e st io n .  Finding the d is tance  is q u i t e  cumbersome, 
so students should consider  f in d in g  the t ime ins tead .
Here is a s im i l a r  example which could be used an an e x e rc is e  a f t e r  
the previous example has been discussed.
Two f e r r y  boats p ly  back and f o r t h  across a r i v e r  
w i th  constant speeds, tu rn ing  a t  the banks w i thout  
loss o f  t ime.  They leave opposite  shores a t  the  
same i n s t a n t ,  meet f o r  the f i r s t  t ime 700 f e e t  from 
one shore,  continue on t h e i r  way to  the banks,  re turn
and meet f o r  the second t ime 400 f e e t  from the
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opposite  shore.  Find the width of  the r i v e r .
Several  v a r i a t i o n s  o f  a d i r e c t  approach are  p o s s ib le ,  but w i th  any 
approach a diagram w i l l  help c l a r i f y  m at te rs .  Label the two f e r r y  boats  
A and B, as in d ica te d .
f i r s t  meeting: second meeting:
B B
400 { ' fl
A
f
t
A
Let D . , R and T r e f e r  to  the d is ta n ce ,  r a t e ,  and t ime o f  f e r r y  A and A A A  D
A A ADd Rd T d represent those o f  f e r r y  B. Then we have ■=— = -n— TheB, B, B Db RbTb
c r u c ia l  th ing  to r e a l i z e  in any so lu t io n  is th a t  when they meet, the two
f e r r i e s  have been t r a v e l i n g  f o r  the same t ime.  Let D. and DR be the
1 1
distances the two boats have t r a v e le d  a t  t h e i r  f i r s t  meeting and D.
2
and Dn be t h e i r  d is tances a t  t h e i r  second meeting.  Then since T .  = T„
2 DA, Ra - A /  A B
a t  the two meetings,  we have t h a t  —  = 7;- — , and s ince  R. and R„
DAt Da2 B-| RB B2 A B
are  constant ,  -r—  = -jr— . Now i f  we l e t  x be the width o f  the r i v e r ,  by 
%  %
r e f e r r i n g  to the diagram we see t h a t :  D. = 700,  DR = x + 400,  and
1 B i
700D = x + (x -  400) = 2 x -  400.  We can solve the proport ionB- '  7   x _ 700
x + 400 . -
“  2x -  400 96 X = 7
This s o lu t io n  is c e r t a i n l y  w i t h i n  reach o f  most high school s tudents ,  
although they would c l a s s i f y  i t  as a d i f f i c u l t  problem. An a l t e r n a t e  
approach is suggested.by c a r e f u l l y  studying the diagrams. Not ice  t h a t  at
3
Ross Honsberger,  Do lc ian i  Mathematical E x p o s i t io n s , no. 3: Mathe-  
matica l  Morsels ( n . p . :  Mathematical Associat ion of  America, 1978) p. 7.
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the f i r s t  meeting the sum o f  the boats '  d istances is equal to  the width
o f  the r i v e r .  (We a l re a d y  used t h is  in formation when we wrote Dd , as
B1
x -  700 . )  Fur thermore,  a t  the second meet ing,  the sum o f  the d is tances  
is th ree  times the width  o f  the r i v e r .  This  observation  gives us some 
added information about the times of  the two meetings.  Since the ra tes  
remained co n stan t ,  and the t o t a l  d is tance  t ra v e le d  was th re e  times  
f a r t h e r  a t  the second meeting,  i t  must have taken the boats th ree  times  
as long to  meet the second t ime as i t  did the f i r s t  t ime .  S p e c i f i c a l l y  
focusing on boat A, i t  must have t ra v e le d  th re e  t imes f a r t h e r  by the  
second meeting than i t  had gone a t  the f i r s t  meeting.  Since boat A had 
gone 700 f e e t  a t  the f i r s t  meeting,  i t  must have gone 2100 f e e t  by the  
second meeting.  A glance a t  the second diagram shows t h a t  x + 400 = 
2100,  or  x = 1700 f e e t .
In present ing th is  m a t e r i a l ,  the teacher  must be c a r e f u l  not to 
make the so lu t ions  to these problems seem to  be " o u t - o f - t h e - h a t "  t r i c k s .  
The students should c l e a r l y  understand th a t  changing perspect ives  is a 
problem solv ing technique.  I t  is  not an easy technique to use; some­
times i t  is ext remely  d i f f i c u l t  to abandon what seems to be the natura l  
approach. I t  w i l l  not work on a l l  problems, but i t  gives  students some­
th ing  to  t r y  i f  t h e i r  f i r s t  attempt does not lead to  a s o l u t i o n .  I t  
a lso  gives them a tool  to use in searching f o r  a l t e r n a t e  s o lu t io n s  to a 
problem. In the f e r r y  boat problem, f o r  example,  the e a s i e r  s o lu t io n  
might be discovered by e x p lo r in g  some in t e r e s t i n g  r e la t io n s h ip s  th a t
appear in the f i r s t  s o l u t i o n ,  i . e .  th a t  D. + DR = x and D. + DR = 3x.
1 . 1  2 2
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There is no easy way to determine when a change of  pe rsp e c t ive  is  
needed and how to choose the best pe rspe c t ive  f o r  a problem. These a re  
matters  which become e a s ie r  w i th  exper ience.  A f i r s t  step is to simply  
become aware th a t  d i f f e r e n t  perspectives  can be used and are  sometimes 
advantageous. This s t ra teg y  should be s p e c i f i c a l l y  mentioned to students  
each t ime i t  is employed. They need to come in contact w i th  several  
instances of  i t s  use in order  to become aware o f  i t  and begin to employ 
i t  themselves.  The teacher  should be very c a re fu l  not simply to  t e l l  the  
students the proper p erspect ive  fo r  a problem. They must have the  
experience  o f  d iscovering  i t  themselves,  perhaps w i th  some progressive  
h in ts  from the tea che r .  Th is  personal exper ience is e s s e n t i a l .  I t  is  
suggested th a t  the teacher do a few of the problems in t h i s  chapter  as 
examples and the others  be t r i e d  by the students w i th  teacher d i r e c t i o n  
as needed.
BACK TO FRONT
Many problems which involve  a sequence o f  decis ions appear to be 
overwhelmingly complex. I t  seems impossible to sor t  through a l l  the  
options to choose the best one fo r  reaching the f i n a l  goa l .  These pro­
blems o f ten  y i e l d  to the technique o f  back to  f r o n t  a n a ly s is .  That i s ,  
s t a r t  a t  the f i n a l  goal and work back through the decis ions one a t  a 
t ime to see the best way to a r r i v e  a t  each one.  This  approach could  
a lso  be thought o f  as working a simpler  problem. We assume we only have 
to  make the very l a s t  d e c is io n ,  and ask how we would make th a t  one.  Then 
we ana lyze  how we would make the next to l a s t  d e c is io n ,  and so on.  We 
work our way back through the decis ions  u n t i l  we have reached the  
beginn ing.
To introduce t h i s  technique to a c la s s ,  the teacher could play  t h i s  
simple game w i th  one o f  the  s tudents.  P layer  A names an in teg e r  between 
1 and 10. P layer  B can then name any in teger  up to 10 more than the  
number p la yer  A named. For ins tance ,  say p la y e r  A named 5 .  P layer  B 
could then name any number from 6 to  15- P layer  A then names any number 
up to  10 more than p la y e r  B's number. The p layers  a l t e r n a t e  in t h i s  
manner u n t i l  one p laye r  names 100, and th a t  p layer  then wins the game. 
Students immediately suspect there  is a winning s t r a te g y ,  and they are  
eager to discover i t ,  e s p e c i a l l y  i f  they a re  p lay ing  aga ins t  the  te acher .  
A f t e r  a few games, they r e a l i z e  th a t  the p layer  who says 89 w i l l  win the  
game, because the o ther  p la yer  then has to  choose a number from 90 to 99.
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The p layer  who said 89 w i l l  then be ab le  to name 100 on his  next t u r n .  
The problem now becomes not how to  reach 100 but how to reach 8 9 . A 
playe r  can choose 89 i f  he forces  the o ther  p laye r  to name a number 
from 79 to 88.  He can do t h i s  by saying 7 8 . S i m i l a r l y ,  he is guaran­
teed to reach 78 i f  he says 6 7 . Students should be ab le  to f o l l o w  t h i s  
sequence o f  winning numbers a l l  the way back to d iscover  t h a t  the f i r s t  
player  can always win i f  he s t a r t s  w i th  1.
Now apply th is  approach to the problem of  determining how many 
d i f f e r e n t  routes there  are  from po int A to po int  B on the fo l lo w in g  map.
R K F C (D
L G D
M H 1
N 0 P
V W
We shal l  make the p r a c t i c a l  assumption th a t  we always move toward the  
d e s t in a t io n  a t  B, so we r e s t r i c t  ourselves to moving only  nor th  and east.
Instead of  consider ing  the  problem o f  moving from A to  B, consider  
the problem of  going from C to B. There is obviously  on ly  one route .  
S i m i l a r l y ,  there  is only one route from F,  K, R, E, J ,  Q, or  Y to  B. We 
put a small 1 by each o f  these in te rs e c t io n s  to help remember t h i s .
R K F C (D
1 1 1 1
1
L G D
1
M H 1
1
N 0 P
1
W
E
I
J
I
I
Y
4.1
Now consider the problem o f  t r a v e l i n g  from D to B. We can go to  C 
and take the one route from there  to B, or  we can go to  E and take the  
one route to B. So there  are  two possib le  routes from D.
R K F C (B)
1 i 1 1
I  1
L G D r
1
M H 1 j
1
N 0 P Q
1
; v W X i
Keep moving back,  one in t e r s e c t io n  a t  a t ime.  From G, we could  
choose to go to F and take the one route from F to  B, or we could go to  
D and have two routes from D to B. T h e re fo re ,  there  are  three  possib le  
routes from G to B. There are  a lso  three  routes from I to B. There  
are  four  routes from L, one i f  we choose to go to K and three i f  we 
choose to go to G. We can move back through the e n t i r e  g r id  in t h i s  
manner, w r i t i n g  the number o f  routes from each in t e r s e c t io n  to B beside  
the i n t e r s e c t io n .  From any i n t e r s e c t i o n ,  there  a re  only  two choices:  
north or  e a s t .  For each of  those choices we a l re a d y  know the number o f  
possib le  rou tes ,  so to get the t o t a l  number o f  routes from any i n t e r s e c ­
t io n  we merely add the numbers to the north and to the eas t .  We w i l l  
e v e n tu a l ly  see t h a t  there  are  70 possib le  routes from A to B.
R K F c (D
1 1 1 1
5 4 3 2 1
S L C D E
15 10 6 3 1
T M F I J
35 20 10 4 1
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Not ice  th a t  the numbers a t  the in te rs e c t io n s  form the Pascal  
T r i a n g le .  This  is not s u r p r is in g ,  since we derived the number f o r  each 
in t e r s e c t io n  by adding the routes from the in te rs e c t io n s  to the north  
and to the e a s t .  Successive rows o f  P as ca l 's  T r i a n g le  are  der ived  in 
e x a c t ly  the same manner (w i th  a s l i g h t  change o f  d i r e c t i o n ) .
An i n t e r e s t in g  v a r i a t i o n  o f  t h i s  problem is shown by the g r id  below,  
where the a l lo w a b le  movement along each s t r e e t  is given by the arrows.^
The same a n a ly s is  o f  the number o f  routes from each i n t e r s e c t io n  gives  
th a t  there  are  55 possib le  routes from A to B. Now the numbers a t  the  
var ious  in te rs e c t io n s  form the Fibonacci sequence, 1, 2 ,  3 ,  5 ,  8 ,  13, 
. . . ,  where each number a f t e r  the f i r s t  two is der ived by adding the p re ­
vious two terms.
This back to f r o n t  sor t  o f  a n a ly s is  is used a great  deal in p r a c t i ­
cal  s i t u a t i o n s .  Suppose a u t i 1 i t y  company wishes to  i n s t a l l  underground
2cables from po in t  A to po in t  B on the map shown.
^Adapted from Stephen K r u l i k  and Jessee A. Rudnick,  Problem S o lv in g , 
A Handbook fo r  Teachers (Boston: A l ly n  & Bacon, 1980),  p. 101.
2Adapted from Engineering Concepts Curriculum P r o j e c t ,  The Man- 
Made World (New York: McGraw-H i l l ,  1971),  P- 73.
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The numbers in each block represent the c o s t ,  in thousands o f  d o l l a r s ,  
o f  i n s t a l l i n g  the cables in th a t  b lock.  The cost v a r ie s  from block to  
block because of  the d i f f e r e n t  paving m a te r i a ls  used, the cost o f  p ro ­
v id ing  detour signs f o r  h e av i ly  t ra v e le d  s t r e e t s ,  and the number of  
underground te lephone,  gas,  and water  l i n e s  a l re ad y  present in the 
s t r e e t .  The company wishes to choose the route from A to B which w i l l  
minimize i t s  c o s t .  We have a lready  decided t h a t  on a 4 x 4 g r i d ,  there  
are  70 possib le  routes from A to B. While  i t  is possib le  to c a l c u l a t e  
the cost fo r  each possib le  ro u te ,  i t  c e r t a i n l y  does not seem to  be very  
p r a c t i c a l .  I f  the problem were expanded to a square twenty blocks on a 
s id e ,  there  would be 137 ,846 ,528 ,8 20  poss ib le  routes .  C a lc u la t in g  the  
cost f o r  each possib le  route would be an enormous t a s k ,  even f o r  a com­
puter .
Ins tead ,  t r y  back to f r o n t  reasoning.  Consider j u s t  the block  
formed by in te rs e c t io n s  B, C, D, and E. I f  we were 
a t  C, we should have to t r a v e l  east a t  a cost  o f  6 
( thousand).  I f  we were a t  E, our only choice would 
be to t r a v e l  n o r th ,  and the cost is 5. We in d ic a te  
the d i r e c t i o n  a t  each in t e r s e c t io n  by an arrow
kb
and the t o t a l  cost from t h a t  in t e r s e c t io n  w i th  a c i r c l e d  number. At D 
we have two choices: we could go to B through C a t  a cost o f  10 or
through E f o r  a t o t a l  cost of  13. The p re fe r re d  d i r e c t i o n  would be to  
go nor th  to C, so we in d ic a te  th is  w i th  an arrow and a c i r c l e d  10 f o r  
the t o t a l  cost .
Now look a t  the next set  o f  in te r s e c t io n s  away from B. At F we
have only  one choice ,  to go east a t  a t o t a l  cost F-»(j) C->(6) B
o f  9.  At J we must go north  f o r  a cost o f  12.
At G i f  we choose to  go to D, i t  w i l l  cost 10 to
get t h e re .  Then we a l re a d y  know th a t  a t  D we
should move n o r th ,  and the cost from there  w i l l  
be 10. So the t o t a l  cost i f  we choose to go from
G to B through D w i l l  be 20.  On the o ther  hand, i f  we choose to go to
B through F, the t o t a l  cost  w i l l  only be 13» so tha t  is c l e a r l y  the pre ­
fe r r e d  d i r e c t i o n .  The same sor t  o f  reasoning t e l l s  us tha t  should we 
f i n d  ourselves a t  1 we would then f i n i s h  the route  by moving east toward 
J ,  and the le a s t  cost from th a t  po int  would be 17*
We could work our way backward through the e n t i r e  g r id  u n t i l  i t  is
completed as shown.
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Now choosing a route is simply a m a t t e r  o f  s t a r t i n g  a t  A and fo l lo w in g  
the arrow a t  each in t e r s e c t i o n .  The p re fe r re d  route is A -U -T -M -L-K-F -C-  
B, and the minimum cost is $37 ,000 .
This method o f  a n a ly s is  sometimes goes by the name o f  dynamic pro ­
gramming. I t  is h ig h ly  adaptable  to being done on a computer, al though  
i t  was not o r i g i n a l l y  developed fo r  th a t  purpose.  The same method can 
be used to  determine minimum-time routes f o r  ambulances or f i r e  engines,  
or minimum-fuel j e t  f l i g h t  paths which take advantage o f  wind p a t te rn s .
A discussion o f  dynamic programming, i t s  h is t o r y  and a p p l ic a t io n s  can be 
found in The Man-Made World (see footnote  2 ) .  Examples using t h i s  te c h ­
nique in a p r o b a b i l i t y  context  appear in Howard E. Reinhardt and Don 0 .  
Loftsgaarden , Elementary P r o b a b i l i t y  and S t a t i s t i c a l  Reasoning 
(Lexington, Mass.: D.C.  Heath & Co.,  1977),  p. 327- 30.
DYNAMIC PROGRAMMING PROBLEMS
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1. In the sect ion  of  c i t y  shown below how many minutes can an ambulance 
d r i v e r  save by choosing the minimum-time route  over the maximum­
time route? Block times are  shown.
6 8 5 B
3
vO 5
5 3 9
4 3 7
7 8 6
3 5 4
7 5 6
2.  In the subdiv is ion  mapped below, we wish to  f in d  the cheapest route
f o r  lay ing  a power cable from A to B. On any block we may t r a v e l
only to the r i g h t ,  i . e .  we may t r a v e l  from K to L but not from L to
K. Find the cheapest route and i t s  c o s t .  Costs between any two 
points  are  given in thousands o f  d o l l a r s .
k7
ANSWERS
1. Minimum time is 27 minutes; maximum time is h i  minutes.
15 minutes a re  saved.
2. The best route is A-N-K-G-H-D-B and the cost is $21 ,000.
THE CLOCK PROBLEM
Many c la s s ic  a lgebra problems have f a l l e n  out o f  fa vor  re c e n t ly  
because they do not a r i s e  from p r a c t ic a l  s i t u a t i o n s .  There is much to  
be learned from some o f  these problems i f  one 's  goal is not merely to  
a r r i v e  a t  a s o lu t io n  but to develop a n a l y t i c a l  s k i l l s .  The problem 
presented here is  one which lends i t s e l f  both to g e n e r a l i z a t io n  and to  
a l t e r n a t e  methods o f  s o lu t io n .  I t  is very e n l ig h te n in g  fo r  the student  
to exp lore  how the  d i f f e r e n t  methods o f  s o lu t io n  and the g e n e r a l i z a t io n  
are i n t e r r e l a t e d .
This is a p a r t i c u l a r l y  good problem to show students how to  go 
about g e n e r a l i z in g  a s o lu t io n .  O f te n ,  g e n e r a l i z a t io n  a lso  means a b s t ra c ­
t i o n ,  and students can have a great deal o f  d i f f i c u l t y  w i th  a b s t ra c t  
concepts.  In t h is  problem, however, the g e n e r a l i z a t io n  s t i l l  deals w i th  
concrete  o b je c t s .  The students can draw the s i t u a t io n s  or  look a t  a 
physical  model. This problem a lso  provides a good example o f  how to  
modify a s o lu t io n  when needed. The i n i t i a l  so lu t io n  is not v a l i d  fo r  
a l l  cases o f  the problem. When students r e a l i z e  t h i s ,  t h e i r  f i r s t  
re ac t io n  may be to d iscard the s o lu t io n  a l l  to g e th e r .  However, i f  a 
s o lu t io n  is v a l i d  some of the t im e ,  there  must be some worthwhi le  ideas 
in i t .  In t h i s  ins tance ,  i t  is possib le  to modify the s o lu t io n  to  
account f o r  a l l  the cases.
A t y p ic a l  statement o f  the problem is "At what t ime between one and 
two o 'c lo c k  do the hands of a c lo ck  coincide?"  A s t ra ig h t fo rw a rd  method
**8
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o f  a t t a c k  is to  l e t  x represent the number o f  minutes a f t e r  1:00 when 
the hands c o in c id e .  We need some notion o f  how f a r  each hand t r a v e l s  in 
those x minutes,  and the e a s ies t  approach is to consider through how 
many degrees each one t r a v e l s .  The minute hand t r a v e l s  3^0° per hour,  
or  6° per minute .  The hour hand t r a v e l s  30° per hour or p °  per minute .
So in x minutes the minute hand w i l l  t r a v e l  6 x ° ,  and the hour hand w i l l
t r a v e l  p ° .  Now the minute hand s t a r t s  out p o in t in g  a t  12, and the  hour
hand s t a r t s  p o in t in g  a t  1. So the minute hand has to  t r a v e l  30° ( the  
angle between 12 and 1) more than the hour hand. We can express t h i s  
w ith  the equation  6x = 30 + p x ,  which gives  x = 5pp minutes.  T h e r e f o r e ,  
the two hands co inc ide  a t  1:05pp.
One o f  the f i r s t  th ings  th a t  students should be required  to  do upon 
reaching t h i s  s o lu t io n  is  to v e r i f y  th a t  i t  is reasonable.  We know th a t  
the hands must co inc ide  between 1:05 and 1 :1 0 ,  and i n t u i t i o n  t e l l s  us 
th a t  i t  w i l l  happen very c lose  to  1 :05 .  So l : 0 5 p p  is c e r t a i n l y  a 
r e a l i s t i c  answer.  Students should make a hab i t  o f  t h i s  type o f  quick  
r e a s o n a b i l i t y  check.  I t  w i l l  help them catch many e r r o r s .
To help students g e n e ra l i z e  a problem, begin by th in k in g  of  v a r i a ­
t ions  of  the quest ion t h a t  was .asked. For ins tance ,  we could have wanted 
to  know a t  what t ime a f t e r  5:00 the two hands would c o in c id e .  In t h i s  case
the minute hand must t ra v e l  5 (30 )  = 150° more than the hour hand. So
1 3the equation becomes 6x -  150 + p x ,  and the t ime o f  co incidence is  5 :27pp.
Another v a r i a t i o n  would be to ask a t  what t ime a f t e r  5:00 the two 
hands would be perp en d icu la r .  In t h i s  case the minute hand has to  t r a v e l  
150° + 90° = 240° f a r t h e r ,  so the equat ion i s 6x = 21*0 + p x , and the
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7s o lu t io n  is 5 : ^ 3 jy .  However now the re  are two s o lu t io n s ,  because the
hands are  a lso  perpend icu lar  90° before  the minute hand catches the hour
hand. Now the equat ion is 6x = 60+yx, and the so lu t io n  is 5-‘ 10yy-. High
school students a re  used to problems w i th  unique s o lu t io n s ,  and i t  is
important fo r  them to  r e a l i z e  th a t  they must always be a l e r t  f o r  the
p o s s i b i l i t y  o f  more than one c o r re c t  answer.
Now, perhaps,  the s tudent  is ready to a ttempt  a g e n e r a l i z a t io n  such
as "How many minutes a f t e r  c o 'c l o c k  w i l l  the hands be 9° a p a r t? "  As
b e fo re ,  l e t  x be the number o f  minutes a f t e r  c o 'c lo c k w h e n  t h i s  s i t u a t i o n
occurs .  Based on h is  exper ience w i th  the above example,  a student might
reason th a t  the minute hand must be 9° ahead o f  the place  where the hands
coinc ide  or 9° behind th a t  p lace .  The hands c o inc ide  when 6x = 30c + -yx.
So they w i l l  be 9° a p a r t  when 6x = (30c ± 9) + y x .  Solv ing fo r  x ,  we 
60 2get x = rj-yc ± yy9 .  An i n i t i a l  check of  t h i s  equat ion should be to v e r i f y  
th a t  i t  gives the c o r re c t  answers f o r  the three  problems a lrea d y  solved.  
Then the student should ask i f  the re  is any p o s s i b i 1i t y  o f  the formula 
g iv ing  nonsensical  answers.  Are the re  any values f o r  x t h a t  we could 
not accept? Since x represents the number o f  minutes past the hour,  we 
must have th a t  0 < x < 60.  When values ou ts ide  t h i s  range appear ,  the  
formula is  not u s e f u l .  I f  students have d i f f i c u l t y  seeing t h a t  the above 
formula is not always v a l i d ,  ask them to  use i t  on the fo l lo w in g  problems.
1. How many minutes a f t e r  1 :00 a re  the hands perpendicular?
2. How many minutes past 10:00 are  the hands perpend icu lar?
The formula gives a negat ive  r e s u l t  fo r  the f i r s t  problem and an answer 
g r e a t e r  than 60 f o r  the second one.
51
What cond i t ions  lead to a negat ive  answer? This occurs when 
60 2■yyc -  y^0 < 0,  or when 8 > 30c. This  means tha t  on the hour the hands 
are  a l re a d y  c lo se r  than 9 ° .  However, they w i l l  be 8° apar t  when the  
minute hand is 8° past the hour hand and again when i t  is (360 -  6 ) °  
p a s t .
360-0
In t h i s  case, we must modify our equat ions.  We get :
6x = 30c + 8 + y-x or 6x = 30c + (360 -  8) + yx
X  =  y jC  + yj-0 or  X = yyC + -pp(360 -  8 )
SO 2We w i l l  get an answer l a rg e r  than 60 when yyc + -j-y6 > 60 or  
60 2y jC  -  yy6 > 60.  These sentences g ive  the cond i t ions  0 > 330 -  30c or  
8 < 30c -  330. A t a c i t  assumption in t h i s  e n t i r e  a n a ly s is  is th a t  12:00  
corresponds to 0.  I f  we wanted to know how many minutes a f t e r  12:00  
some angle occurred,  we would have to  use c = 0 in the equat ion .  A f t e r
a l l ,  the minute hand would have to t r a v e l  y x °  to  catch the hour hand,
not (30(12) + y x ) ° .  So the la r g e s t  c can be is 11. Th is  t e l l s  us tha t  
the c o n d i t io n  0 x  30c -  330 is impossible.  30c -  330 £ 30(11) -  330 = 0,  
and 0 cannot be n e g at ive .  T h e re f o re ,  the only s i t u a t i o n  th a t  w i l l  cause 
t ro u b le  is 0 > 330 -  30c. In t h i s  case the desired angles occur tw ice  
before  the minute hand catches the hour hand, once a t  0° be fore  and once 
a t  (360 - 8 ) °  be fore .
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Now our equations become:
6x = 30c -  9 + -i-x o r  6x = 30c -  (360 -  9) + -jx
6 0  2  a  6 0  2  / , c a  a \x = y|-c -  9 or  x = j j c  -  -j j (360 -  9)
The student can use the two p rev ious ly  given problems to check 
these new cases o f  the  g e n e r a l i z a t io n .  He should a ls o  convince h im se l f  
th a t  there  are  no o th e r  p o s s i b i 1 i t i e s  to be considered.  We have accoun­
ted f o r  the case when the . two  angles occur be fore  the co in c id e n t  t ime,  
the case when they occur a f t e r  the c o inc iden t  t im e ,  and the case when 
one occurs before  and one a f t e r .  A lso ,  our formulas g iv e  a s in g le  
answer f o r  the specia l  cases 0 = 0° o r  9 = 180°.
In a d d i t io n  to g e n e r a l i z in g  a p a r t i c u l a r  s o lu t io n ,  students should 
be encouraged to search f o r  d i f f e r e n t  so lu t ions  to the problem. This  
fo rces  the students to f in d  o ther  approaches to the problem and helps  
them p r a c t ic e  changing p e rspec t ive s .  In a d d i t i o n ,  one s o lu t io n  o f ten  
helps i l lu m in a te  another one.
Here are  two d i f f e r e n t  s o lu t ions  to the o r i g i n a l  problem of when 
the hands of  a c lock  c o in c id e .  The f i r s t  uses only  a r i t h m e t i c ,  and the 
second solves the problem g r a p h i c a l l y .  Both s o lu t io n s  r e q u i re  th a t  one 
view the problem from a complete ly  d i f f e r e n t  p e rs p e c t ive .
The f i r s t  s o lu t io n  comes when we fo r g e t  about the face on the c lock  
and concentra te  only  on the p o s i t io n  o f  the hands. The hands w i l l  c o in ­
c ide  eleven times in twe lve hours.  These co in c id e n t  times w i l l  be 
eq u a l ly  spaced because any one o f  them could correspond to. 12:00 .  So
the angle between any co in c id en t  time and the next one is the same.
1 2
T h e re fo re ,  each in t e r v a l  between co in c id en t  times must be rpp hours or
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1 hour and 5-jy- minutes.  What t ime w i l l  the hands c o inc ide  between 5:00
and 6:00? I t  w i l l  be the f i f t h  coincidence since 12:00 ,  so the time
12 5 3
elapsed w i l l  be yy(5)  = 5yy hours,  or 5 hours and 27yy  minutes.
This  approach a ls o  extends to some v a r i a t i o n s .  The hands w i l l  form
12a s t r a ig h t  angle every y y  hour a f t e r  6 :0 0 .  They w i l l  be perpend icu lar
12 12 every y y  hour a f t e r  3:00 and a lso  every y y  hour a f t e r  9 :00 .
Another approach comes from viewing the problem as a ra te  problem 
and t r y i n g  to f in d  the instances when the minute hand over takes the hour 
hand. Most high school students are  f a m i l i a r  w i th  the formula D = RT 
and should r e a l i z e  t h a t  i f  R is constant ,  a graph o f  time vs.  dis tance  
w i l l  be a s t r a ig h t  1 ine.  Any exposure to physics should acqua int  them 
w ith  the idea o f  expressing d is tance  in re v o lu t io n s  and ra te  as re vo lu ­
t ions  per hour.  I f  they have not had physics,  t h i s  choice  o f  u n i ts  w i l l  
need to be e xp la in ed .  The ra te  o f  the minute hand is one re vo lu t io n  per 
hour and th a t  o f  the hour hand is —  re vo lu t io n  per hour.  When measuring 
the d is tance  o f  the minute hand, we are  not in te re s te d  in how many com­
p le t e  re vo lu t io n s  i t  has made, but only in the f r a c t i o n  o f  a re v o lu t io n  
t h a t  i t  has completed.  What we want is to set the d is tance  back to zero  
every t ime we complete one re v o lu t io n .  Now we can graph t ime vs.  d i s ­
tance as shown. The graph f o r  the minute hand is shown as a s o l id  l i n e ,
th a t  f o r  the hour hand as a dotted  l i n e .
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I f  a s u f f i c i e n t l y  accura te  graph were drawn, the times o f  c o i n c i ­
dence could be approximated.  I t  is probably j u s t  as easy, however,  to 
approximate the times by looking a t  a c lo ck  fa c e .  The graph does serve  
to c l a r i f y  the previous s o l u t i o n ; i t  can r e a d i 1y be seen t h a t  the d i s ­
tance o f  the two hands w i l l  c o in c id e  eleven times a t  e q u a l ly  spaced i n t e r ­
v a l s .  I t  a ls o  serves as an example of  a p h y s ic a l l y  motivated non-con-  
t inuous graph.
These are  c e r t a i n l y  not the only two a l t e r n a t e  so lu t ions  to the  
problem, although they are  two o f  the more unique approaches.  A l t e r n a t e  
so lu t ions  w i l l  emerge n a t u r a l l y  from a c lass  i f  the students a re  allowed  
to  a ttempt  a problem w i thout  p r i o r  d i r e c t i o n  from the teacher .  When 
t h i s  s t ra te g y  is used, i t  is  us ua l ly  less f r u s t r a t i n g  f o r  the students  
i f  they are  al lowed to work in groups. I t  is very p r o f i t a b l e  f o r  them 
to share t h e i r  so lu t ions  w i th  each other  and exp la in  how they a r r i v e d  at  
them. Even i f  some students do not a r r i v e  a t  a s o lu t io n ,  d iscover ing  
what does not work,  and why, is o f ten  as va luab le  as d iscover ing  what 
does work.
The f i r s t  a l t e r n a t e  so lu t io n  was given by Neal Wagner, "The Faceless  
C lo c k ,"  Mathematics Teacher 70 (December 1977),  p. 765.  The graphica l  
s o lu t io n  is due to Andrejs Dunkels,  "Clock Problem - -  a Second T im e,"  
Mathematics Teacher 72 (May 1979),  p. 322.  The general  s o lu t io n  in th ree  
cases and suggested h e u r i s t i c s  a re  the work o f  the au thor .
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PROBLEMS
1. (a) How many times during an h o u r .w i l l  the hands o f  a c lock  be p e r ­
pendicular?
(b) How many times w i l l  they be 180° apar t?
2.  What is the angle (measured clockwise) between the hands o f  a c lock  
a t  e x a c t l y  c o 'c lo ck?
3.  (a) How many degrees does the minute hand o f  a c lo ck  move in 22
mi nutes?
(b) How many degrees does the hour hand of  a c lock  move in 22
minutes?
k.  (a) Make a reasonable guess a t  what t ime between 9 and 10 o 'c lo c k
the hands o f  the c lock  w i l l  be 150° a p a r t .
(b) Use the a p p ro p r ia te  formula to f in d  the actua l  times between 9
and 10 o 'c lo c k  th a t  the hands are  .150° a p a r t .  How c lose  was
your guess?
5. At what t ime between A and 5 o 'c lo c k  w i l l  the hands be 60° apar t?
(a) Draw a diagram o f  the s i t u a t i o n  the f i r s t  t ime t h i s  happens.
(b) Using the diagram, f in d  the t ime i t  happens.
(c) Repeat par ts  (a) and (b) fo r  the second time i t  happens.
ANSWERS
1 . (a) Twice.
(b) Once.
2.  30c degrees.
3- (a) 132°.
(b) 11°..
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k .  (a) Answers vary .
(b) 9 : 1 0 j y  and 9:21-^-
5 .  (a) (b) A :1 0 |y
(c) (d) h: 32-_8_11
A RECORD PROBLEM
Problems in high school mathematics c lasses a re  u s u a l ly  a t tacked  
w ith  mental too ls  o n ly .  In developing t h e o r e t i c a l  s o lu t io n s ,  l i t t l e  
thought is given to the p r a c t ic a l  cons idera t ions  o f  implementing the  
s o lu t io n .  This  p resenta t ion  gives students a chance to exp lore  a pro ­
blem both t h e o r e t i c a l l y  and by p h y s ic a l ly  modeling the s i t u a t i o n .
The problem to be solved is simply to f in d  the length o f  the groove 
in a phonograph record.  Obviously ,  t h i s  has something to  do w i th  the  
r a d i i  and circumferences o f  c i r c l e s  and so should y i e l d  to mathematical  
a n a ly s is .  In f a c t ,  the re  a re  several  t h e o r e t i c a l  so lu t ions  which w i l l  
be presented l a t e r .  The lev e ls  o f  the var ious  so lu t io n s  range from one 
which would be understandable to a p re -a lg e b ra  student to one which 
requires  the use o f  c a lc u lu s .
Before such approaches are  a ttempted,  however, the students w i l l  
gain much ins igh t  in to  what is involved i f  they const ruct  a physical  
model o f  the s i t u a t i o n .  To understand the model, students should be 
acquainted w i th  graphing techniques and should know how to d e r iv e  the  
equat ion o f  a l i n e  from i t s  graph. I t  is not poss ib le  w i th  commonly 
a v a i l a b l e  too ls  to measure the groove d i r e c t l y .  T h e re f o re ,  we must seek 
some physical  s u b s t i t u t e  tha t  w i l l  permit  d i r e c t  measurement. A r o l l  of  
adding machine tape ,  r ibbon,  or  adhesive tape would provide a reasonable  
model f o r  the phonograph record th a t  could a c t u a l l y  be un ro l led  and 
measured.
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Before a c t u a l l y  experiment ing on the r o l l  o f  tape ,  the c lass  should 
c l a r i f y  what they wish to  learn- from the experiment .  The r o l l  o f  tape  
is composed o f  many laye rs  o f  vary ing len g th ,  and the t o t a l  length of  
the tape is the sum o f  the lengths of  those in d iv id u a l  l a y e r s .  I t  would 
seem th a t  i f  we know the number o f  layers  and some r e la t i o n s h i p  th a t  
would t e l l  us the length o f  each l a y e r ,  then we could c a l c u l a t e  the t o t a l  
l e n g th .
The u l t im a t e  goal is to develop a procedure th a t  can be ap p l ied  to  
the phonograph record problem. Thus, the f i n a l  procedure should depend 
only on measurements th a t  can a c t u a l l y  be made on the record,  namely the  
inner and ou te r  r a d i i  o f  the p lay ing  s ur face ,  the speed a t  which the  
record r o t a t e s ,  and the length of  time i t  p lays .  The advantage to .us ing  
the tape ,  however, is th a t  we can a c t u a l l y  u n ro l l  i t ,  make measurements, 
and thus perhaps d iscover  some useful  r e la t i o n s h i p s .
In order  to  count the number o f  layers  in the tape r o l l ,  i t  is 
necessary to  somehow mark the beginning of each l a y e r .  One way would be 
to mark a radius on the end of  the r o l l  o f  tape and then make a cut  along  
the radius w i th  a sharp k n i f e .  When the tape is u n r o l l e d ,  each cut along 
the edge w i l l  mark the beginning of a new l a y e r .  The students could then 
measure the length o f  each layer  and assemble t h e i r  re s u l ts  in a c h a r t  
showing layer  number and length .  H e re . is  a p a r t i a l  char t  of  r e s u l t s ,  
taken from H i r s t e in  ( I 98O).  Here the layers  were numbered from the  
innermost . l aye r  outward,  and the. lengths were measured in mi 11imeters .
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Layer Length Layer Length Layer Length
1 69 130 139 250 205
10 74 140 145 260 210
20 79 150 150 270 216
30 84 160 156 280 221
40 90 170 161 290 226
50 95 180 166 300 232
60 101 190 172 310 237
70 106 200 177 320 243
8o 111 210 183 330 248
90 117 220 .188 340 253
100 122 230 194 350 259
110 128 240 199 360 265
120 134
Remember th a t  w i th  the phonograph record we cannot measure the layers  
themselves,  so we are  searching fo r  a r e la t i o n s h i p  th a t  w i l l  a l lo w  us to 
c a l c u l a t e  the length o f  each l a y e r .  When faced w i th  a mass o f  d a ta ,  one 
good way to d iscover  a r e la t i o n s h i p  is to make a graph. Immediately a 
whole area o f  discussion opens on how to  best construct  the graph. What 
u n i ts  shal l  be used? Should the layers  be numbered from ins ide  to o u t ­
side or  ou ts ide  to inside? Do we need to graph every s in g le  layer?
Which should be the independent v a r i a b l e  and which should be the depen­
dent? Students should be al lowed to discuss these quest ions and make 
t h e i r  own dec is ions .  The above data g ive  the fo l lo w in g  graph:
250
' e
~  200
100
50
0 50 100 150 200 150 300 350
Layer Number
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When the students construct t h e i r  graphs,  they should d iscover  
a l i n e a r  r e la t i o n s h i p  between lay e r  length and layer  number. They should 
be ab le  to express t h i s  in the form SL = mn + b where X, is  the lay e r
length ,  n is the layer  number, and m and b a re  constants c a lc u la t e d  from
the graph. A l i n e a r  r e la t i o n s h i p  is to  be expected,  since the increase  
in the length of  the layers  is due to the th ickness o f  the paper ,  which 
is c onstan t .  Now the only  remaining problem is to add the lengths o f  
the in d iv id u a l  layers  to  get t h e . t o t a l  length o f  the r o l l .  I f  a computer 
or programmable c a l c u l a t o r  is a v a i l a b l e ,  i t  is a simple mat ter  to  w r i t e  
a short  program to do t h i s .  I t  is i n t e r e s t in g  to  compare t h i s  r e s u l t  
w ith  the actual  measured length o f  the  tape.  There w i l l  probably be 
some discrepency due to measurement e r r o r s ,  but i t  should be s l i g h t .
The length o f  the tape can a lso  be found by using the formula fo r  
the sum o f  the f i r s t  n n a tu ra l  numbers. I f  L is the t o t a l  length o f  the  
tap e ,  we have
L = (m-1 + b) + (m-2 + b) + . . . + (mn + b)
= m(l + 3k + . . . + n) + bn
This  equation w i l l  t e l l  us the t o t a l  length o f  the tape i f  we know m, b 
and the t o t a l  number of .  l a y e rs .  We can f in d  m and b i f  we know j u s t  two 
layers  and t h e i r  lengths ,  say the f i r s t  l a y e r  and the l a s t  one.
With adding machine tape ,  the only way to ,count  the number o f  layers  
was e i t h e r  to u n r o l l  t he  tape or to know the thickness of  the paper.
With  a phonograph record we have,a b i t  more in fo rm at io n .  We know the  
number o f  re vo lu t io n s  i t  makes per minute ,  and we can t ime the number o f
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minutes that  i t  p lays .  So we should be able  to f i g u r e  out how many 
revo lu t io n s  i t  makes, and tha t  wi.l 1 be the same as the number o f  " la y e r s "  
on the record.  For example,  i f  a record plays f o r  22^  minutes a t  33y  
re vo lu t ions  per minute,  i t  w i l l  make 750 r e v o lu t io n s ,  and thus n w i l l  be 
750.  Furthermore,  suppose th a t  the inner c ircumference of  the p lay ing  
surface is 415 mm and the outer  c ircumference is 917 mm. Then the po ints  
(1,  415) and (750, 917) w i l l  l i e  on the graph, and we can e a s i l y  c a l c u l a t e  
t h a t  m = .067 and b = 414 .33 -  Each student should measure one o f  h is  own 
records and make the  c a l c u l a t io n s .
The purpose o f  t h i s  approach was not merely to  solve the problem,  
but to  g ive  the students a gl impse o f  what is involved in designing an 
exper iment .  They had to  spec i fy  what they hoped to learn from the e x p e r i ­
ment, make a p p ro p r ia te  measurements, o rgan ize  the d a ta ,  and d iscover  a 
r e l a t i o n s h i p .  As in a l l  exper imental  s i t u a t i o n s ,  i t  is  necessary to  
deal w i th  accuracy and acceptab le  e r r o r  l i m i t s .  Th is  type o f  experience  
is most b e n e f i c i a l  i f  i t  is done in groups so t h a t  students can make 
coopera tive  d e c is ions .
As mentioned b e fo re ,  th e re  are  several  t h e o r e t i c a l  approaches one 
can take to t h i s  problem. One ra th e r  naive approach is to  deal w i th  
averages.  Since we can e a s i l y  f in d  the circumferences of  the inner and 
o uter  la y e rs ,  we can f in d  the average layer  len g th .  Then the t o t a l  
length o f  the groove is  found as the product o f  the number o f  layers  
times the average layer  length .  This  method g ives  a p rec ise  answer 
because,  in t h i s  case,  the average o f  a l l  the layers  is the average of  
the f i r s t  and l a s t  l a y e rs .  This  is t ru e  whenever the increase  in length
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is  l i n e a r ,  but does not have to be t ru e  in g e n e r a l .
Another method requires  knowing the average groove th ickn es s ,  a
q u a n t i ty  which we have managed to avoid thus f a r .  I t  is  e a s i l y  found,
however, simply by d iv id in g  the .radius o f  the p laying surface  by the
t o t a l  number o f  l a y e rs .  I f  we l e t  L = t o t a l  groove len g th ,  t  = average
thickness o f  the groove,  Rq = outer  radius o f  the p lay ing  s u r fa c e ,  and R.
= inner radius of  the p lay ing s ur face ,  then we can e a s i l y  c a l c u l a t e  the
2 2t o t a l  grooved area as being 7r(RQ ~ R j ) .  Now imagine unwinding the  
groove so th a t  i t  forms a long, th in  re c tang le  L u n i ts  long and t  un i ts  
wide.  The area o f  t h i s  rec tang le  is L t .  Equating the two area expres­
sions gives
L = * ( Ro -  *?>.
The so lu t io n s  given so f a r  have r e l i e d  on the assumption th a t  the  
groove o f  a record is composed o f  a ser ies  o f  c oncentr ic  c i r c l e s .  This  
is a very good approximation ,  but the groove is r e a l l y  a continuous  
s p i r a l .  I t  would be more p rec ise  to  descr ibe  the groove by an exponen­
t i a l  s p i r a l ,  whose equat ion is w r i t t e n  in p o la r  coordinates  as r = ae^®,
where a and b a re  constants .  Again,  l e t  R = o u te r  rad iu s ,  R. = inner3 ’ o ’ i
rad iu s ,  L = t o t a l  groove len g th ,  and n = number o f  re vo lu t io n s  the record
makes. Imagine t ra c in g  the groove from the ins ide  o f  the record to the
outer  edge.  F i r s t  we need to e va lu a te  the constants  a and b. We can do
t h i s  by consider ing two points  on the s p i r a l .  At the beginning of  the
s p i r a l ,  8 = 0  and r = R . . So R. = ae^ = a .  At the end o f  the s p i r a l ,  r > I I
r = R and 8 = 2trn. In t h i s  case,  R = R . e ^ 7™ ^ ,  which gives  that  o o i 3
, In Rn -  In Rjb = --------Q__------------ L.
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Once we have eva luated  a and b, we need to f in d  the t o t a l  length ,
L, o f  the s p i r a l .  From c a lc u lu s ,  we know t h a t  i f  t  is a parameter o f  a
curve such tha t  x = x ( t )  and y = y ( t )  where a c t  < 0 , then the length
3 dx 2 d 2 1
o f  the  curve is given by L = [ (-g-̂ ) + (g r̂) ^  Using p o la r  c o o r ­
d in a te s ,  we have x = r cos 0 and y = r sin 0. For the exponent ia l
i b0 b0 a , b0 . a _. f a \s p i r a l ,  r  = ae so x = ae cos 0 and y = ae sin 0.  Since x = x ( 0 )
and y = y (0 ) ,  we can regard 0 as a parameter o f  the curve where
0 s 0 < 2trn. Then
d b9 bB b0
-21 = abe cos 0 + ae ;sin 0 = ae (b cos 0 + sin 0 )
“j0- = abe*3® sin 0 -  ae*5® cos 0 = ae*5® (b sin 0 -  cos 0 )
L = ^ ^ [ ( a e * 5® (b cos 0 + sin 0 ) ) 2 + (ae*5® (b sin 0 -
cos 0 ) ) 2 ]^d0
r2Trn b0 ,, 2 ,Q=> Jo ae (b + 1) d0
a ( b 2 + 1) 2 / 2irnb ^
=  g ~(e -  1)
The t h e o r e t i c a l  so lu t io n s  presented w i 11 depend on the lev e l  o f  the  
c la s s .  The measurements th a t  the students made on the phonograph records  
should be used in the t h e o r e t i c a l  so lu t io n s  to see i f  the r e s u l t s  a re  
consi s t e n t .
The experimental  method w i th  the r o l l  of  adding machine tape and 
the numerical  measurements from such an experiment were given by James J .  
H i r s t e i n ,  "Phonograph Records and Adding Machine Paper ,"  Mathematics  
Teacher 73 (A p r i l  1980),  p. 258 - . 6 1 .  The suggestion to use the exponen­
t i a l  s p i r a l ,  al though not the d e t a i l s  o f  the s o lu t io n ,  came from Joseph 
Budni tsky,  "Reader R e f l e c t io n s , "  Mathematics Teacher 73 (October 1980),  
p. A8 9 .
PQINSOT STARS
Pointsot  s ta rs  a re  f ig u r e s  th a t  a re  c reated  by m ethod ica l ly  connect­
ing e q u a l ly  spaced points  on a c i r c l e .  They were f i r s t  studied sys te ­
m a t i c a l l y  by the French mathematician Louis Poinsot (Pwah.sS) in 1809-1 
Poinsot s ta rs  o f f e r  a r i c h  o ppor tu n i ty  fo r  mathematical  e x p lo ra t io n  on 
many l e v e l s ,  from a simple geometrical  p a t t e r n - f i n d i n g  a c t i v i t y  to 
soph is t ica te d  in v e s t ig a t io n s  in number theory .  How f a r  an in d iv idua l  or  
a c lass  proceeds in to  the to p ic  w i l l  depend upon t h e i r  mathematical  back­
ground, a b i l i t i e s ,  and i n t e r e s t s .  At any l e v e l ,  f a m i l i a r i t y  w i th  the 
p r o p e r t ie s  o f  Poinsot s ta rs  must come from seeing a great  number o f  them
a c t u a l l y  drawn ou t .  Usual ly  t h i s  w i l l  be done by hand, and f o r  tha t
'reason, a set  o f  several  c i r c l e s  is given which can be d u p lc ia te d .  I f
the c lass  has access to a computer w i th  graphics c a p a b i l i t i e s ,  i t  is
2possib le  to program the drawing. Discovery o f  the p ro p e r t ie s  o f  Poinsot  
s ta rs  demands systematic  record keeping,  so the use o f  ta b les  to arrange  
data is encouraged. Th is  is a s imple ,  though o f ten  over looked,  technique  
to  a id  in the synthesis  o f  da ta .
The formal d e f i n i t i o n ,  h i s t o r i c a l  background, and elementary  
p ro p e r t ies  o f  the s ta rs  a re  given in an a r t i c l e  by C h r is t ia n  H i rsch ,  
Poinsot S t a r s , "  Mathematics Teacher 73 (January 1980),  p. 260-63*
2
For a discussion of how t h i s  can be accomplished, see Harold 
Abelson and Andrea diSessa,  T u r t l e  Geometry (Cambridge: MIT Press,  1981) ,  
p. 3 -50 .
6 k
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A set o f  Poinsot s ta rs  . is drawn as fo l  lows: S t a r t in g  w i th  n
eq u a l ly  spaced points  on a c i r c l e ,  connect each po int to  each adjacent  
p o in t .  On a second c i r c l e ,  connect each po int to every second p o in t .
On the next c i r c l e  connect each po in t  to  every t h i r d  p o in t ,  and so on. 
The set o f  Poinsot s ta rs  w i th  n = 6 is shown.
5
4
5
4
3
5
4
5
4
5
4
The points  on the c i r c l e  have been numbered to help keep t rac k  o f  them.
I t  is immaterial whether they are  numbered 0 ,  1,  , n -  1 or 1, 2 ,  . . . ,
n,  but in the discussion which f o l lo w s ,  i t  is more convenient to  s t a r t  
the numbering w i th  0.  For the res t  o f  the d iscuss ion ,  i t  is assumed 
t h a t  we always s t a r t  drawing a t  p o in t  0 and th a t  we draw in a clockwise  
di r e c t i  on.
One immediate observation is th a t  some o f  the s ta rs  look the same.
By inspecting the examples given fo r  n -  6 above,  i t  is apparent th a t  
the s ta r  obtained by connecting every 5th po int  is the same as tha t  
obtained by connecting every 1st p o in t ;  i t  is j u s t  traced in the opposite  
d i r e c t i o n .  A lso,  the s ta rs  created by connecting every 2nd po in t  and 
every 4th po in t  end up looking the same. In g e n era l ,  the s ta rs  formed 
by connecting the dth po ints  and the (n ~ d ) t h  po ints  are  the same.
A na tu ra l  question to ask is How many d i f f e r e n t  s ta rs  are  there fo r  
n points? One approach to use w i th  lower level  c lasses is to t r y  and 
discover  a ru le  by drawing a number o f  cases and const ruct in g  a ta b le
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such as th i  s one:
Number of po i n t  s k. 5 6 7 8 0.> 10 11 12
Number of s ta rs 2 2 3 3 k k 5 5 6
These p a t te rn s  may be du p l ica te d  and given to the students f o r  t h e i r  
drawi ngs.
6
7
9
8
7
Another approach f o r  more advanced c lasses is to reason d e d u c t iv e ly  
from the f a c t  th a t  s ta rs  formed by connecting the dth po ints  and the  
(n -  d ) t h  po in ts  look the same. Point 0 can be connected to n -  1 o ther  
p o in ts ,  so the re  are  n -  1 possib le  s t a r s .  I f  n is odd, there  are  an 
even number o f  s ta rs  and each one occurs tw ic e ,  so the re  are  - -  -
d i f f e r e n t  s t a r s .  I f  n is even , there  are  an odd number o f  s t a r s ,  so 
they cannot a l l  occur tw ic e .  In t h i s  case,  connecting po int 0 to  po int  
y  is e x a c t ly  the same as connecting point  0 to po in t  (n -  y )  so th a t  
p a r t i c u l a r  s ta r  only occurs once.  H a l f  o f  the remaining n -  2 connec-
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n *" 2t i o n s w i l l  g ive  d i s t i n c t  s t a r s ,  so there  a r e — - — + 1  = — d i f f e r e n t
s t a r s .
Another conclusion can be drawn from the f a c t  th a t  the same s ta r  is 
formed by connecting the dth po in ts  and the (n -  d ) t h  p o in ts .  Notice  
t h a t  d + (n -  d) = n.  I f  n = 8 , fo r  example,  we could w r i t e  1 + 7 = 8 ,  
2 + 6 = 8 ,  3 + 5 = 8 ,  and 4 + ^ = 8 .  We could i n t e r p r e t  t h i s  by saying  
th a t  the s ta r  constructed by connecting every 1st po int  is the same as 
th a t  constructed by connecting every 7 th p o in t ;  the one obta ined by 
connecting every 2nd point  is the same as the one obta ined by connecting  
every 6 th p o in t ,  and so on. Each p a i r  o f  p o s i t i v e  in tegers  t h a t  adds up 
to  n represents a d i f f e r e n t  s t a r .  So the number o f  Poinsot s ta rs  d e t e r ­
mined by n po ints  is the number o f  d i s t i n c t  ways n can be represented as 
the sum o f  two p o s i t i v e  in te g e rs .  T h e re fo re ,  i f  n is even we know tha t  
there  are  -2- d i s t i n c t  pa i rs  o f  p o s i t i v e  in tegers  th a t  add up to n,  and i f  
n is odd there  are  n- v,-  ̂ such p a i r s .
An n -p o in t  Poinsot s t a r  is c a l l e d  re gu la r  i f  a l l  points  are  reached 
before  re tu rn in g  to po in t  0 .  For example,  a 6 - p o in t  s t a r  where d = 1 is 
r e g u la r .  A 6 - p o i n t  s ta r  w i th  d = 2 is a non-regu la r  because only 3 o f  
the po ints  can be connected before  we re turn  to 0 .
5
k 2
re gu la r  —  non-regu la r
The student could make a t a b le  such as the fo l lo w in g  to discover  
what cond i t ions  w i l l  produce a re gu la r  s t a r .
n___________ d___________ regul ar?
A 1 or  3 yes2 no
5
1 or  k yes
2 or  3 yes
6
1 or  5 yes
2 or  k no
3 no
7
1 or  6 yes
2 or 5 yes
3 or  k yes
8
1 or  7 yes
2 or  6 no
3 or 5 yes
k no
9
1 or  8 yes
2 or  7 yes
3 o r  6 no
k o r  5 yes
By drawing s ta rs  and f i l l i n g  out such a t a b l e ,  the student should hypo­
th e s iz e  th a t  n and d must be r e l a t i v e l y  prime to  produce a re g u la r  s t a r .  
He might a ls o  r e a l i z e  th a t  i f  v e r tex  1 is reached w i th o u t  l i f t i n g  the  
p e n c i l ,  then the s ta r  w i l l  be re g u la r .
Given our s t a r t i n g  assumptions,  a proof o f  why n and d must be 
r e l a t i v e l y  prime requ ires  the use of  res idue  c lasses modulo n.  I t  is 
possib le  to  prove the r e s u l t  i f  one changes perspect ives  and considers  
the e x t e r i o r  angles  o f  the polygons formed and how many r e v o lu t io n s  o f  
the c i r c l e  a re  needed to complete the f i g u r e .  Using t h i s  a n a l y s is ,  i t  
is  possib le  to d e r iv e  the important number theory r e s u l t  th a t  two 
in tegers  n and d are  r e l a t i v e l y  prime i f  and only  i f  there  e x i s t  in tegars  
p and q such th a t  pn + qd = 1. For such a t re a tm en t ,  see Abel son and 
diSessa (1-981).
How many d i f f e r e n t  re gu la r  s ta rs  are  there? We get a re g u la r  s ta r  
each t ime n and d are  r e l a t i v e l y  prime, so each number less than and
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r e l a t i v e l y  prime to  n produces a re gu la r  s t a r .  I f  we get a re g u la r  s ta r  
f o r  d, we get the same s t a r  f o r  n -  d. So the number o f  d i s t i n c t  re g u la r  
sta rs  is h a l f  the number o f  in tegers  less than and r e l a t i v e l y  prime to  n.  
I f  n = 7 , f o r  example,  the re  are  s ix  numbers (1 , 2 , 3 , **, 5 , and 6 ) less  
than and r e l a t i v e l y  prime to 7 , so there  must be three  d i s t i n c t  re gu la r  
s ta r s .  There are  four  numbers less than and r e l a t i v e l y  prime to 8 . ( 1 ,
3 , 5 , and 7 ) ,  so the re  must be two re gu la r  8 - p o i n t  s t a r s .
A formula f o r  how many numbers are  less than and r e l a t i v e l y  prime  
to  n was f i r s t  proved by E u le r ,  and i s c a l l e d  E u le r ' s  <j>-funct io n . Let  
us f i r s t  consider the s implest possib le  s i t u a t i o n :  n is prime. Then a l l  
the n -  1 numbers { 1 , 2 , . . . ,  n -  1} are  less than and r e l a t i v e l y  prime  
to  n,  so <f>(n) = n -  1. Now suppose tha t  n is a power o f  a prime, n = pa . 
Then there  are  pa -  1 numbers less than n. The only ones not r e l a t i v e l y
Ct" 1prime to n are  the m u l t ip le s  o f  p, {p ,  2p, 3p, • • • ,  (p ~ 1 ) p } ,  
and the re  are pa  ̂ -  1 o f  these.  So <J> (n) =  pa -  1 -  (pa  ̂ -  1) =
pa -  pa  ̂ = p (1 -  —) .  The f i n a l  step is to consider what happens when
P a 1 a2 “ kn is composite,  i . e .  i t  can be fac to re d  in to  primes as n = p,( •
G en era l iz ing  <j>(n) f o r  composite cases requ ires  that  we show <f> is  m u l t i p l i ­
c a t i v e ,  i . e .  i f  a and b are  r e l a t i v e l y  prime then <j>(ab) = <f> (a) <j> ( b ) . A 
r e l a t i v e l y  uncomplicated proof th a t  <j> i s m u l t i p l i c a t i v e  can be found in 
Underwood Dudley,  Elementary Number Theory (San Francisco:  W. H. Freeman 
& Company, 1969),  P- 66 - 6 8 . Even t h i s  proof requ ires  more than high  
school mathematics,  and the r e s u l t  w i 11 be taken on f a i t h  here .  Once we 
know t h a t  (j> is m u l t i p l i c a t i v e ,  a general  formula f o r  <f>(n) is easy to  
d e r iv e  from what we a l re a d y  know about <f>(pa ) .  We have
p2 pk
The n on-regu la r  Poinsot s ta rs  o f f e r  some i n t e r e s t in g  areas o f  inves­
t i g a t i o n .  Obviously ,  f o r  non-regu la r  s ta rs  n and d w i l l  have a g re a te s t  
common d i v is o r  g r e a t e r  than 1. A n on-regu la r  s ta r  is formed when we 
re turn  to 0 be fore  we have connected a l l  the p o in ts ,  th e r e f o r e  i t  w i l l  
be composed o f  two or  more superimposed re g u la r  s t a r s .  Are the g rea tes t -  
common d i v i s o r  o f  n and d, the number o f  superimposed re g u la r  s t a r s ,  and 
the number o f  sides of  each re gu la r  s ta r  re la te d ?  A s t a r t i n g  point  might 
be to organ ize  some observa t iona l  data in a t a b l e  s im i l a r  to  the
f o l lo w i  ng:
n d gcd (n ,d)
number o f  
re gu la r  s ta rs  ( r )
number o f  sides of  
each regu lar  s t a r ( s )
2 or 8 2 2 5
10 A or  6 2 2 5
5 5 5
2 or 10 2 2 6
12 3 or 9 3 3 bb or  8 b b 3
6 6 6
*  These s ta rs  are  l in e s  so we cannot g ive  a number o f  s id es .
Some poss ib le  r e la t io n s h ip s  are  immediately suggested by t h i s  t a b l e .  
I t  should be f a i r l y  apparent  why the number o f  re g u la r  s t a r s ,  r ,  times  
the number o f  sides o f  each s t a r ,  s, has to be n.  Each s-^sided regu lar  
s ta r  touches s po ints  on the c i r c l e ,  and the re  a re  r superimposed re gu la r  
sta rs  making up the non-regu la r  s t a r .  A l l  n po in ts  on the c i r c l e  must be 
touched, so we have th a t  rs = n.
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To understand the ro le  o f  the g re a tes t  common d i v i s o r ,  consider  the  
non-regu lar  s ta r  formed when n = 10 and d = 4.
7
5
I t  is made up of two re g u la r  s ta rs  using n = 5 and d = 2.
2
I f  we s t a r t  w i th  a 5 - p o in t  c i r c l e  and add 5 more po in ts  to make a 10-  
p o in t  c i r c l e ,  we double n and we a ls o  double d. Now there  is room to  
superimpose the second 5 - sided s ta r  to  make the n = 10 , d = 4 s t a r .  
Now consider  the n o n-regu la r  s ta r  formed fo r  n = 12, d = 3-
T
9
mposed s ta rs  f o r  whichI t  is made o f  3 superimpos  n = 4 ,  d = 1.
2
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I f  we m u l t i p l y  n by 3, we a lso  m u l t i p l y  d by 3 ,  because po int 1 w i l l  
become po in t  3 ..
\
Now consider  a non-regu la r  s ta r  made up of  r superimposed re gu la r  
s t a r s .  Each re gu la r  s ta r  can be drawn on a c i r c l e  using n'  e q u a l ly  
spaced po in ts  and connecting every d 1th one. Since the s ta r  is r e g u la r ,  
n'  and d'  w i l l  be r e l a t i v e l y  prime. Now m u l t i p l y  n' by r ,  which a lso  
has the e f f e c t  o f  m u l t ip ly in g  d ‘ by r .  There are  now enough points  on 
the c i r c l e  to  superimpose r re g u la r  s ta rs  and form a n o n-regu la r  s ta r  
fo r  which n = r n 1 and d = r d ' .  Since n ‘ and d'  a re  r e l a t i v e l y  prime,  
the g re a t e s t  common d i v is o r  o f  n and d must be r .
Some students might be in te res te d  in c r e a t in g  a r t i s t i c  designs by 
superimposing var ious combinations of  Poinsot s t a r s .  For example,  i f  
a l l  the Poinsot s ta rs  determined by 2^ po in ts  are  drawn on a s in g le  
c i r c l e ,  an i l l u s i o n  of  a ser ies  o f  concentr ic  c i r c l e s  is c r e a te d .  For 
f u r t h e r  e x p lo r a t io n  in t h i s  d i r e c t i o n ,  see Phi l  Locke, "Residue Designs,"  
Mathematics Teacher 65 (March 1972),  p. 260 -63 .
The p r o p e r t ie s  o f  Poinsot s ta rs  o f f e r  a r ic h  area o f  e x p l o r a t i o n .
The student can c a r ry  the in v e s t ig a t io n  as f a r  as h is  i n t e r e s t  a l lo w s ,  
and i t  can lead to  q u i te  s o p h is t ic a te d  mathematics.  The top ic  a ls o  
a f fo r d s  a prime area f o r  e xp lo r in g  mathematical  concepts through the use 
o f  computer graphics .
FAREY SEQUENCES
High school students  u su a l ly  do not have the vaguest idea o f  how 
mathematics is r e a l l y  developed. The p ro p e r t ies  and proofs in the t e x t ­
book are  n e a t ly  presented w i thout  any in d ic a t io n  o f  how they have been 
discovered.  The problems t h a t  the teacher  does f o r  i l l u s t r a t i o n  a re  
c a r e f u l l y  selected  to i l l u s t r a t e  a p a r t i c u l a r  p r i n c i p l e  and work out very  
n i c e l y .  This  gives the students the impression t h a t  mathematicians  
always know the proper approach to a problem, can immediately w r i t e  a 
concise and e legant  p ro o f ,  and recognize general  p r i n c ip l e s  w i th o u t  
e f f o r t .  No wonder many of them view mathematicians as a breed a p a r t !
This  e xe rc is e  w i th  Farey sequences is designed to g ive  students  
some experience in how mathematics is a c t u a l l y  done. Students should 
not a ttempt t h i s  problem w i thout  some previous problem solv ing  exper ience.  
They should fe e l  comfortable  w i th  open-ended i n v e s t i g a t i o n s ,  w i th  
g e n e r a l i z in g  r e s u l t s ,  and be experienced in searching f o r  p a t te r n s .
A Farey sequence, F , is a sequence o f  f r a c t i o n s  beginning w i th  y ,
1
ending w i th  y  and. inc lud ing  in ascending order a l l  the proper i r r e d u c i b l e  
f r a c t i o n s  w i th  denominators m such t h a t  2 £ m s: n. The f i r s t  four  Farey 
sequences are  given below.
Give the students these four  sequences to  i l l u s t r a t e  t h e - d e f i n i t i o n .
T h e i r  assignment is then to w r i t e  F_ and to  d iscover  one or more general
p
p ro p e r t ies  o f  Farey sequences. The next day in c lass  make a l i s t  o f  
t h e i r  d is c o v e r ie s .  Some of  them w i l l  need help s t a t in g  t h e i r  p r o p e r t ie s  
in a prec ise  and c le a r  language, and some p ro p e r t ie s  are  sure to  appear  
in more than one form. B e t te r  students might be in te res te d  in fo rm a l ly  
proving some o f  the p r o p e r t ie s ;  o thers  might want to w r i t e  out some 
a d d i t io n a l  sequences to see i f  the p a t te rn s  s t i l l  ho ld .  I t  is impossible  
to  a n t i c i p a t e  e x a c t l y  which p ro p e r t ies  w i 11 be d iscovered ,  but some 
common ones are  discussed below.
3  CProperty  1: I f  and g- a re  two consect ive  f r a c t io n s  o f  F , then
be -  ad = 1 . This  is a property  th a t  should be pointed out to students
i f  they do not d iscover  i t  themselves. Proving th is  proper ty  is f a i r l y
d i f f i c u l t ,  but once the proper ty  is assumed, i t  can be used to prove
some of the subsequent p r o p e r t i e s .  Two number t h e o r e t i c a l  proofs can
S
be found in G. H. Hardy and E. M. W r ight ,  Ah In t ro d u c t io n  to the Theory  
of  Numbers (London: Oxford U n iv e r s i ty  Press,  19^5),  p.  2h.  A proof  
using two-dimensional l a t t i c e s  which could be adapted to  a geoboard is 
given in H. S. M. Coxete r ,  In t roduct ion  to Geometry, 2nd ed. (New York:  
John Wi ley S Sons, 1969).  P- 210.
3  C 6  CProper ty  2: I f  £•, - j ,  j  are  th ree  consecutive  f r a c t i o n s ,  then ^  =
 ̂ ^ . Proving t h i s  is the same thing  as showing th a t  c(b + f )  = d(a +
e ) , or  e q u i v a l e n t l y ,  th a t  be + c f  = ad + de.  The only to o ls  we have to
use fo r  a proof a re  the d e f i n i t i o n  and property  1. The d e f i n i t i o n  does 
not t e l l  us anything about products such as be and c f ,  but proper ty  1
does. Applying property  1 to the three  consecut ive f r a c t i o n s ,  we see 
th a t  be -  ad = 1 and de -  c f  = 1. Our f i n a l  equation  does not conta in  a
1 so we want to  e l i m i n a t e  t h a t .  We can do so by using the t r a n s i t i v e
property  to  get be -  ad = de -  c f .  This  looks very c lo se  to the equat ion
we wanted (be + c f  = ad + de) and, in f a c t ,  is an e q u iv a len t  equat ion .
We can now put to gether  the fo l lo w in g  formal proof o f  p roper ty  2:
be -  ad = 1 and de -  c f  = 1
be -  ad = de -  c f
be + c f  = ad + de
c (b + f ) = d (a + e)
2. -  a  +  e  
d b + f
9  CProperty  2 can be g e n e ra l i zed  as fo l lo w s :  I f  g- and g- a r e  any two
3 +  Cnon-consecutive terms o f  F , and i f  b + d s n,  then is a ls o  a termn b + d
3 Cof  Fn and is between g- and g .  By the d e f i n i t i o n  o f  the sequence, i f
a 4. q
b + d < n then -r— ;—x would be a term o f  F . We can d iscover  a proof o f  b + d n K
t h i s  g e n e r a l i z a t io n  by working backwards, as we did f o r  the proof o f
3  3  * +  C
proper ty  2.  Showing tha t  g- < g- — i s eq u iva len t  to  showing t h a t  ab +
ad < ab + be. Since ab appears on both sides o f  t h i s  i n e q u a l i t y ,  we
only  need show th a t  ad < be. Making f r a c t i o n s  in t h i s  i n e q u a l i t y ,  we
9  0  9get th a t  g- < g-. We may assume tha t  g- is the sm al le r  f r a c t i o n ,  so a
proof looks l i k e  t h i s :
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a (b + d) < b (a + c)
£  a + c
b < b + d
a 4. £ £ a Hh c
S i m i l a r l y ,  we can show th a t  ^  so always has to f a l l  between
■£■ and ■£. Not ice  th a t  t h i s  proof used only the order  o f  the f r a c t i o n s  and
3 4 cnot any o f  the p r o p e r t ie s  o f  Farey sequences. Thus, the f r a c t i o n  -g-- ■-
w i l l  always f a l l  between the f r a c t i o n s  and ■g- whether or not these
f r a c t io n s  are  members of  a Farey sequence. These th re e  f r a c t i o n s  w i l l  be
members o f  a l l  sequences Fn where n s b + d.
I t  is a ls o  possib le  to show th a t  o f  a l l  r a t io n a l  numbers between -g-
£ a + c
and - j ,  r — 7— 7 is the one w i th  the smal lest  denominator.  In o th e r  words,  d ’ b + d
i f  and a re  consecutive  terms in a Farey sequence, w i l l  be the
f i r s t  term inser ted  between them in a subsequent sequence and w i l l
appear in F, ,. To prove t h i s ,  suppose t h a t  — is  any o ther  f r a c t i o n  u t  d y
3 X 0such th a t  -jj < — < - j . We need to show th a t  y > b + d. The d i f f i c u l t  par t  
o f  t h i s  proof  is  d iscover ing  how to  get s t a r t e d .  We need some sor t  o f  
r e la t io n s h ip  invo lv ing  y ,  b and d,  and i t  w i l l  probably have to  involve  
a ,  x ,  and c a ls o .  Using what we have developed so f a r ,  the most e x p l i c i t  
re la t io n s h ip s  come from property  1. However, p roper ty  1 depends on the
3 X  Cterms being consecut ive ,  an assumption we cannot make about -g-, —, and
3  X  X CThe only in format ion  we have is th a t  r- < — and — < - j .  From the f i r s t7 b y y d
in e q u a l i t y  we can get th a t  ay < bx or th a t  bx -  ay > 0 .  Now bx -  ay has 
to be an i n t e g e r ,  so we can rephrase t h i s  as bx -  ay > 1. In the  same 
manner, we can get t h a t  cy -  dx s i .  Th is  looks s im i l a r  to  the r e l a t i o n ­
ship in property  1, only  i t  involves an i n e q u a l i t y ,  which we want.  Now, 
how can we use t h i s  r e la t io n s h ip ?  We need to  subtra c t  th in g s ,  and we
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have to get terms l i k e  bx and ay.  We could do t h i s  by su b t ra c t in g  f r a c ­
t io n s  and making common denominators.  Some exper imentat ion  might be 
needed a t  t h i s  po int  to d iscover  the best way to  proceed. One way o f
C 3invo lv ing  a l l  th ree  f r a c t i o n s  and of  s u b tra c t in g  is to  w r i t e  g  -  g  =
/C Xv , /X av cy -  dx , bx -  ay , . . . , .(-T -  —) + -  t-) = — — 2 ----- + --------r— Now we can use the re la t io n s h ip sd y 7 y  b7 dy by r
C 3 1 ^we j u s t  d i scovered, cy -  dx i  1 and bx -  ay i  1 , to wri  te  g  -  g   ̂ g y  + g y ,  
which is equ iva len t  to  g  -  g  £ “ bHy~* r ‘ 9^t - ^anc* s ide  of  t h i s  l a s t
i n e q u a l i t y  has the q u a n t i ty  b + d on the small s id e ,  which is one o f  the
th ings  we want. (Remember th a t  we wish to prove y > b + d . )  So l e t  us
C 3see what can be done w i th  the l e f t -h a n d  s ide.  We can w r i t e  -r -  r- asd b
^ b d  ’d" * ^ °W t îere * s some frareY sequence where g  and g  appear as con-
C 3 1secut ive  terms. T h e r e f o r e ,  cb -  ad = 1, and we can w r i t e  g  -  g  = gg .
1 b *4* dNow we have gg  > • We need a y on the l e f t -h a n d  s id e ,  so m u l t i p l y
by y  to get ggy i  ~bjjy~> anc* ^ rom t h i s  we can 9et th a t  y  ̂ b + d. I f
y = b + d then x = z + c (see property  3 be low) .
Property  3: No two consecut ive terms o f  F have the same denomina-
t o r .  Suppose o th e rw ise ,  i . e .  th a t  — and — are  two consecutive  terms o fc c
Fn w i th  a < b. Then by proper ty  1 , be -  ac = 1 so c = g—  ̂ Now c has
to  be an i n t e g e r ,  so b -  a = 1. This means th a t  c =•  ̂ 1 a = an<* the
1 3 b
only term w i th  denominator of  1 is  T . T h e re fo re ,  — = — = 1, a c o n t r a -' 1 c c
d i c t i o n .
Property  k : The sum o f  two consecutive denominators in Fn is always
i 3
g r e a t e r  than n.  This  statement is a d i r e c t  r e s u l t  o f  proper ty  2. I f  g
C g Q
and -r are  two terms of F , then we know tha t  , . , is between them,d n b + d
However, i f  g  and g  are  consecut ive  terms o f  F then g -y - g  is not a term
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3  +  Co f  F . The only  th ing  th a t  would keep ^ y y  from being a term o f  is  
i f  b + d > n.
Property  5 : A useful  c h a r a c t e r i s t i c  f o r  doing some o f  the problems
which f o l lo w  is to note t h a t  Farey sequences form nested s e t s , i . e .
F. .c F .  c  . . .  c F c F This is a di  rec t  consequence o f  the1 2  n n + 1
def in i t  ion.
Property  6: For n > 1, the term — always appears in the middle o f
the sequence. Terms th a t  a re  in symmetric po s i t io n s  w i th  respect  to  j -
always add up to one. More p r e c i s e l y ,  the r th  term and the (n -  r + l ) t h  
term always add up to  one. This observation  w i l l  shorten the work i n v o l ­
ved in generat ing  a Farey sequence.
An in d ic a t io n  argument can be used to j u s t i f y  property  6 .  C e r t a i n ly  
the proper ty  is t rue  f o r  . Suppose i t  is t ru e  f o r  F^ +  ̂ ^ . To form
F. , from F. , , we must in s e r t  a l l  f r a c t i o n s  w i th  denominator b +b + d b + d -  1
d.  F, , , . w i l l  look 1 ikeb + d -  1
0 a c 1 b - a d - c  1
1 . . .  b d • • •  2 " *  b d r
3  CA f r a c t i o n  w i th  denominator b + d can be inser ted  between y  and y  and 
b ” 3 cl “* ca lso  between — j-— and — ^— . (Note th a t  there  may be f r a c t i o n s  o th e r  
than these two in s e r te d ,  as th e re  could be o ther  p a i rs  o f  denominators
th a t  add up to b + d.  For ins tance ,  in F,. is  inser ted  between y  and y ,
2 1 1and -=■ is inserted between ■=■ and. —. . The same argument a p p l ie s  to  any
? $
3 + Cother  inser ted  f r a c t i o n s . )  These inser ted  f r a c t i o n s  are  t—:—r  andb + d
 ---- ^ y —. They are  symmetr i.qal ly placed wi th respect to  y  and
^  ̂ +  -------? y .....  ̂ — = 1. T h e re f o re ,  the property  holds fo r  F^ + ^ and
by induction holds f o r  a l l .  F .' n
The fo l lo w in g  page conta ins  some exerc ises  which g ive  the  student  
an o ppor tu n i ty  to  apply some o f  these p r o p e r t i e s .  These exerc ises  and 
more can be found in George S. Cunningham, "Farey Sequences" In 
Enrichment Mathematics f o r  High School, Twenty -e ight Yearbook o f  the 
National  Counci 1 o f  Teachers o f  Mathematics (Washington: Nationa l  Council
o f  Teachers o f  Mathematics,  1 963 ) ,  P* 2.  A d d i t io n a l  exerc ises  can be 
found in Ivan Niven and Herbert  S. Zuckerman, An In t ro d u c t io n  to the  
Theory o f  Numbers, 3rd ed.  (New York: John Wi ley  £ Sons, 1972) ,  p. 137* 
Students who are  in te r e s te d  in in v e s t ig a t in g  t h i s  to p ic  f u r t h e r  might  
wish to  exp lo re  the r e la t i o n s h i p  between Farey sequences and E u le r 's  
<j>-function. Farey sequences a ls o  appear as approximat ions to i r r a t i o n a l  
numbers in the study o f  continued f r a c t i o n s .  For a trea tm ent o f  th is  
t o p ic  see C. D. Olds,  Continued Fract ions  (New York: Random House, 1963)-
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EXERCISES FOR FAREY SEQUENCES
2 31. For a c e r t a i n  n ,  Fn has e x a c t ly  one term between y  and y .  Find
the missing term, and decide what n i s .  Is more than one sequence
possible? How many?
2 3
2 .  For a c e r t a i n  n,  Fn has e x a c t ly  two terms between y  and y .  Find 
the missing terms and f in d  n. Is more than one sequence possible?
How many?
3. Generate Fg by using the f i r s t  term y  and the l a s t  term y  and 
apply ing p r o p e r t ie s  2 and 6.
k . I f  n > 1, w i l l  F  ̂ have an odd or even number o f  terms?
SOLUTIONS
2 3 2 + 3 5 51. The term between y  and y  has to be y  - y y  = y .  y  appears in a l l  F^
2 5 7where n > 7. I f  th e re  was one term between y  and y  i t  would be y y
5 3 8 5and the f i r s t  term between y  and y  is y y .  So y  is  the only term
2 3between y  and y  in F^, Fg, and F^.
2 .  Using the same a n a ly s is  as in problem 1, we see th a t  in F ^  the terms
7 5 2 3
y y  and y  appear between y  and y .  In F ^  the re  are  th ree  terms
2 3between y  and y  so F ^ q  is the only  sequence th a t  w i l l  s a t i s f y  the  
condi t ions  o f  the problem.
3. We use property  2 repeated ly  to generate the f i r s t  h a l f  o f  the  
sequence, then use property  6 to construct  the second h a l f .
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0 1
1 2
0 1 1
1 3 2
0 1 1 1
1 ¥  3 2
0 1 1 1 2  1
1 5 F  3 5 2
0 1 1 1 1 2  1
1 F  5 F  3 5 2
0 1 1  1 1  2 t  3 . 2 3 i t  5 J_
1 F  5 F  3 5 2 5 ' 3 f  5 F  1
A. Property  6 t e l l s  us t h a t  f o r  ri > 1 , must always have an odd
number o f  terms.
CYCLIC FRACTIONS — EMPIRICAL EXPLORATIONS
High school students g e n e ra l ly  do not a p p re c ia te  the p o t e n t ia l  o f  
a r i t h m e t ic  as an area f o r  mathematical  i n v e s t i g a t i o n .  They regard  
a r i t h m e t ic  as a set  o f  computational ru les  and r a r e l y  take  an opp o r tu n i ty  
to  exp lore  and g e n e r a l i z e  numerical  r e la t i o n s h i p s .  This  chapter  and 
the fo l lo w in g  one descr ibe  an i n v e s t ig a t io n  which gives students  a chance 
to  become acquainted w i th  some o f  the number theory behind the decimal  
expansions o f  r a t io n a l  numbers. This i n v e s t ig a t io n  can be c a r r i e d  out  
on many l e v e l s ,  depending on the in t e r e s t  and a b i l i t i e s  o f  the students .  
This  chapter  describes an em pir ica l  approach to the  problem, which 
requ ires  the students to organ ize  d a ta ,  d iscover  p a t t e r n s ,  g e n e ra l i z e  
r e s u l t s ,  and make c o n jec tu re s .  The f o l lo w in g  a r t i c l e ,  "C yc l ic  Fract ions  
- -  T h e o re t ica l  C o n s id e ra t io n s ,"  exp la ins  the e m pir ic a l  re s u l ts  in terms 
o f  congruences.  To understand the t h e o r e t i c a l  s o lu t io n s ,  students must 
have some knowledge o f  modular systems. A l l  s tudents ,  however, w i l l  
b e n e f i t  from the numerical e x p lo r a t io n s .
This  problem provides  a good opp o r tu n i ty  f o r  students to  c a r r y  out  
t h e i r  own i n v e s t i g a t i o n s ,  w i th  advice and help from the teacher  as needed.  
There are  many d i f f e r e n t  avenues of  e x p lo r a t io n  and several  ways o f  
a t ta c k in g  the problem. Students should not attempt such a p r o je c t  w i t h ­
out some previous problem solv ing exper ience .  They should be f a m i l i a r  
w ith  d i f f e r e n t  problem so lv ing  s t r a t e g ie s  and should have seen examples 
o f  how to g e n e ra l i z e  a r e s u l t .  I t  is suggested t h a t  the students work
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toge ther  as a c lass  or  in groups in order to keep numerical  tedium from 
overwhelmi ng mathemat ica l  cur ios i  t y .
The study begins w i th  an observation o f  the fo l lo w in g  co inc idence .
-  = .142857  
~  = .428571
The s i m i l a r i t y  between the two decima1 expansions is apparent.  They 
conta in  the same d i g i t s  in the same c y c l i c  o rd e r .  The mathematician  
does not b e l ie v e  in mere coincidence and immediately becomes cur ious  
about t h is  h in t  o f  a p a t te rn  and what causes i t .  A sensib le  place  to  
begin the in v e s t ig a t io n  is to  w r i t e  out the decimal expansions f o r  a l l  
the proper f r a c t io n s  w i th  7 as denominator.  The r e s u l t s  a re  given below.
j  = .142857  
.285714 
^  = .428571  
j  = .571428  
~  = .714285  
j  = .857142
Our suspicion o f  a p a t te rn  has been confirmedl A l l  the decimal
expansions cons is t  o f  s ix  repeat ing  d i g i t s  in the same c y c l i c  o r d e r .  We
shal l  c a l l  f r a c t i o n s  whose decimal expansions have t h i s  property  c y c l i c
1 2  n -  1
f r a c t i o n s ,  and we shal l  r e f e r  to the set {—, —, . . . ,  — - — } as a f r a c t i o n  
s e t .  The obvious quest ion to  be asked i s ,  Are there  any o th e r  sets o f  
c y c l i c  f r a c t io n s ?  For the r e s t  o f  the d iscuss ion ,  l e t  n be the denomina­
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t o r  o f  a f r a c t i o n  and assume t h a t  we are  on ly  consider ing  proper f r a c ­
t io n s .
A necessary cond i t io n  f o r  a. f r a c t i o n  to be c y c l i c  can be determined  
immediately.  There a re  (n -  1) .f r a c t io n s  in the  f r a c t i o n  set w i th  
denominator n. I f  t h i s  is to  be a set o f  c y c l i c  f r a c t i o n s ,  each one 
must s t a r t  a t  a d i f f e r e n t  p o in t  in the c y c le ,  so there  must be (n -  1) 
d i g i t s  in the c y c le .
Is t h i s  cond i t io n  a ls o  s u f f i c i e n t ?  Yes,  i t  i s ,  and to see why, the  
students should do some o f  the d iv is io n s  by hand. Have them pay p a r t i c u ­
l a r  a t t e n t i o n  to  the remainders a f t e r  each step in the long d iv is i o n  pro­
cess.  The remainders are  c i r c l e d  in the examples below.
.142857  .285714 .428571
7 ) 1.000000  7 ) 2.000000  7) 3.000000
7 1 4  2 8
~ U p  “ © 0  Cs5o
28 56 14
j j o  135o TSSo
14 35 56
T£5o 13o T9o
56 49 35
T3o  T3Jo T5o
35 7 49
73o TI5o
49 28 7
I D  TD 13>
I f  we are d iv id in g  by n,  there  are only (n -  1) possib le  remainders:
1, 2 ,  . . . ,  n -  1. The expansion w i 11 s t a r t  to  repeat when a remainder
appears f o r  the second t ime.  So i f  the expansion has (n -  1) d i g i t s ,  we
must have used a l l  (n -  1) possib le  remainders.  Once we get any
remainder,  the o th e r  remainders,  and hence the o th e r  d i g i t s  in the
1 2
expansion,  w i l l  fo l lo w  in the same sequence. In d iv id in g  —, —, . . . ,
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n — 1
— - — , we e s s e n t i a l l y  s t a r t  w i th  the remainders 1, 2 ,  . . . ,  n -  1. So 
each expansion w i l l  s t a r t  w i th  a d i f f e r e n t  d i g i t ,  and the o thers  w i l l  
then f o l lo w  in the same order .  Thus, i f  we a re  only  searching f o r  c y c l i c  
f r a c t i o n s ,  i t  is  enough to determine i f  the expansion of ■— has (n -  1) 
d i g i t s .
1Have the c lass f in d  decimal expansions o f  — f o r  2 < n < 20 determine
candidates fo r  c y c l i c  f r a c t i o n s .  Let them s p l i t  up the work so th a t  i t
does not become too ted ious;  the point  o f  t h i s  exe rc is e  is to encourage
mathematical  e x p l o r a t i o n ,  not to  p r a c t ic e  long d i v i s i o n .  They should
f in d  th a t  n = 17 and n = 19 a 1 so g ive  c y c l i c  f r a c t i o n  sets .
This  r e s u l t  does not g ive  much in format ion  about which numbers n
w i l l  generate  sets o f  c y c l i c  f r a c t i o n s .  Furthermore,  the search is
g e t t in g  very cumbersome and ted ious .  Perhaps i t  would pay to take a
1 2  ri *** 1c lo ser  look a t  the expansions o f  —, —, . . . ,  ----------  f o r  a l l  2 s n £ 20.r  n n n
Often we can gain a great  deal o f  in s ig h t  by observing why numbers f a i l  
to s a t i s f y  a given c r i t e r i o n ;  in t h i s  case,  What prevents them from 
being c y c l i c  f r a c t io n s ?  Again ,  the students should d i v id e  up the work.  
When a l l  expansions have been completed,  the work should be assembled in 
some convenient form so t h a t  each student can study a complete set  o f  
d a t a .
When searching f o r  p a t t e r n s ,  i t  is h e lp fu l  to  be ab le  to  group the 
data in to  c a t e g o r ie s .  When n = 2 ,  4 ,  5,  8 ,  10, 16, or 20,  a l l  the d e c i ­
mals te rm in a te .  For n = 3,  7,  9,  11,  13, 17, or  19, a l l  the decimals  
repea t .  When n = 6 , 1 2 , 1 4 ,  1 5 , or  18,  the decimals f o r  a s in g le  n were 
o f  mixed types: some te rm ina ted ,  some repeated,  and some were delayed
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repeate rs  (decimals t h a t  do not s t a r t  t h e i r  repeat ing  p a t te rn  r i g h t  
away). The re s u l ts  are  summarized below.
n type of  expansions n type o f  expansions
2 te rm ina t  i ng 12 mi xed
3 repeat ing 13 repeat ing
4 termi n a t i  ng 14 mixed
5 termi nat i ng 15 m i xed
6 mixed 16 termi nat i ng
7 repeat ing  ( c y c l i c ) 17 repeat ing  ( c y c l i c )
8 termi nat i ng 18 mixed
9 repeating 19 repeat ing  ( c y c l i c )
10 termi nat i ng 20 : termi nat i ng
11 repeat i  ng
Some pa t te rns  begin to emerge, al though i t  is the exceptions to the  
p a t te rn s  th a t  provide the most in s ig h t .  A l l  the prime numbers have 
repeating  pa t te rns  except f o r  n = 2 and n = 5* I t  should be obvious to 
students t h a t  these decimals te rm in a te  because 2 and 5 a re  fa c t o r s  o f  10. 
Furthermore,  they are  the on ly  prime f a c to rs  o f  10 so they a re  the only  
prime numbers th a t  have te rm in a t in g  decimal expansions.
What about the o ther  numbers w i th  te rm in a t in g  expansions? When 
n = 4,  8 ,  10,  16, or  20,  the expansions a lso  te rm in a te .  Students should 
q u ic k ly  r e a l i z e  th a t  4 ,  8 ,  and 16 are powers o f  2 ,  and 10 and 20 are  
m u l t ip le s  o f  10. A p r e l im in a r y  con jec ture  might be th a t  a l l  m u l t ip le s  
of  10 and powers o f  2 w i l l  have te rm in a t in g  expansions.  A counter  
example can be q u ic k ly  found  f o r  th e  m u l t ip le s  of  10, since is a 
delayed re p e a te r .  However, a l l  powers o f  2 appear to be t e r m in a t in g ,  so 
we w i l l  keep th a t  par t  o f  the c o n je c tu re .  What about powers of  5? The
second power o f  5 was not l i s t e d ,  but i t  too w i l l  have a te rm in a t in g
. . .
expansion,  as w i l l  5 • So a revised  con jec ture  could be t h a t  a l l  powers
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o f  2 and a l l  powers o f  5 te rm in a te .  How could t h i s  c o n jec tu re  be expan-
2
ded to  account f o r  10 and 20?. Since 10 = 2*5 and 20. -  2 - 5 ,  maybe pro ­
ducts o f  powers o f  2 and powers o f  5 te rm in a te .  We can fo rm ula te  the
r scon jec ture  as: When n = 2 5 f o r  some r and s, a l l  f r a c t i o n s  w i th
denominator n w i l l  have te rm in a t in g  expansions.
r sTo prove t h a t  a l l  f r a c t i o n s  w i th  denominator n = 2 5 te r m in a t e ,  i t
is r e a l l y  only necessary to prove t h a t  i  t e rm in a te s .  Any o ther  f r a c t i o n  
a 1 1 1— = a (—) , so i f  — te rminates  a (—) w i l l  te rm ina te  a ls o .  The proof is n n ’ n n r
e a s ie r  to understand i f  we consider some s impler  cases. F i r s t  consider
_1_
2 r . We can w r i t e  t h i s  as a d iv is io n  problem, 2 ) 1 . 0 0 0 0 . . . ,  and ignore
the decimal po int  f o r  a moment. I f  t h i s  d i v is i o n  is going to te rm in a te ,
then we must have t h a t  10^  ̂ 2 r is an in teger  f o r  some power y .  But 10^
= 2^5^,  and i f  we l e t  y = r ,  then 2r 5 r * 2 r is an in te g e r .  The same
1 Y Sargument holds f o r  1Cr t 5 has to be an in te g e r  f o r  some y ,  and i t
w i l l  be i f  y = s. Now what about ' 10^ t 2 r 5S = 2^5^ * 2 r 5S w i l l  be
an in te g e r  i f  y is the  maximum o f  r and s. Students might need to  do a
few s p e c i f i c  examples to become convinced o f  t h i s  argument.
An a l t e r n a t e  approach showing tha t  ,̂r\ - s has a te rm in a t in g  expansion
is as fo l lo w s .  Any te rm in a t in g  decimal can be w r i t t e n  as a f r a c t i o n
whose denominator is a power o f  10.. T h e re f o re ,  a f r a c t i o n  w i th  a
te rm in a t in g  expansion must be e q u iva le n t  to one whose denominator is a
r* spower o f  10. We can make 2 5 in to  a power o f  10 in the fo l lo w in g  
manner:
, r r -s  r r -s  r r -s
I f  r  ̂ c * = 3_______— 2____  = 2___
, 2 f 5s 2 r 5s5r -s 2f"5r 10r ‘
s - r  s - r
^ 1  2 2 2
r  < s > 2 ^ 5 5  2:r 5 S 2 s _ r  2* 5*  1 0 s ’
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This  proof gives perhaps a c l e a r e r  exp lana t ion  o f  why the f i n a l  power 
of  10 is the maximum o f  r and s. In order  to make i t  more p l a u s i b l e ,  
i t  is a d v isa b le  to  consider f i r s t  some numerical  values o f  r and s,  and 
then g e n e r a l i z e  the procedure to  the two cases r i  s and r  < s.
We have now a r r iv e d  a t  some conclusions about the  te rm in a t in g  and 
the repeat ing  f r a c t i o n s .  What about those n which g ive a m ixture  of  
decimal expansions? A l l  the mixed expansions occur when n is a composite 
number. (A unique case occurs f o r  n = 9 ;  the number is composite but 
a l l  the expansions a re  re p e a t in g .  We s ha l l  set  t h i s  case as ide  and con­
s id er  i t  in a moment.) I f 'n .  .'is'compos i t e ,  then some of  the f r a c t i o n s  in 
the f r a c t i o n  set w i l l  reduce.  These reduced f r a c t i o n s  w i l l  have the  
c h a r a c t e r i s t i c  expansion o f  t h e i r  reduced denominator.  For ins tance ,  i f  
n = 12, then those f r a c t i o n s  which reduce to denominators o f  2 o r  4 
w i l l  t e rm in a te ,  those which reduce to denominators o f  3 or  6 w i l l  r e p ea t ,  
and those which do not reduce w i l l  be delayed re pea te rs .
Now what about n = 9? I f  the f r a c t i o n  does not reduce,  i t  repea ts .  
I f  the f r a c t i o n  does reduce,  the only  th ing  i t  can reduce to  has a 
denominator o f  3,  and those f r a c t i o n s  a ls o  repea t .  So the reason that  
a l l  decimal expansions repeat when n = 9 ,  even though 9 is composite,  
is the f a c t  th a t  the only  f a c t o r  o f  9 is  3.
We seem to have reached the general  conclusion t h a t  when n is a 
prime o ther  than 2 or 5,  the f r a c t i o n  ^  wi 11 have a repeat ing  decimal  
expansion.  Some o f  these w i l l  be c y c l i c  f r a c t i o n s ,  but not a l l  o f  them. 
We have narrowed the f i e l d  in our search fo r  c y c l i c  f r a c t i o n s , but we 
have not made much headway in determining e x a c t ly  when they occur .
There are  two. ways o f  con t inu ing  the i n v e s t i g a t i o n .  We could f u r t h e r  
study the n o n -c y c l ic  primes between 2 and 20,  or we could search f o r  
o th e r  c y c l i c  f r a c t i o n  sets when n > 20.. Students might shy away from 
the l a t t e r  approach because o f  the work involved in long d i v i s i o n ,  but  
there  is  a way to use a c a l c u l a t o r  to shorten the work.  Using a 
c a l c u l a t o r ,  we can get the beginning o f  each expansion.  For n = 23 we 
get :
° . 34782608 . .
23
_2_
23
_3_
23
_4_
23
JL
23
_6 _
23
= .04347826 . .  
= .08695652 . .  
= .13 043478 . .  
= .17391304 . .  
-  .21739130 . .  
= . 26086956. .
= .30434782 . .
8
23
9
23
10
23
11
23
12
23
13
23
14
23
= .60869565.
j |  = . 6 5 2 1 7 3 9 1 . . .
16
23
= .69565217.
^  = . 73913043 . . .
23
19  
23
20 
23
2J_
23
22
23
= .7 8 2 6 0 8 6 9 . . .  
= . 8 2 6 0 8 6 9 5 . . .  
= . 8 6 9 5 6 5 2 1 . . .
= .91304347. . .
= .9 5 6 5 2 1 7 3 . . .  
1I f  n = 23 gives a c y c l i c  set  o f  f r a c t i o n s ,  by looking a t  j j  we know tha t
8 d i g i t s  o f  the c yc le  are  04347826.  The p a t te rn  826 must appear in
19another expansion,  and we f i n d  i t  a t  the beginning o f  -j j  = . 8 2 6 0 8 6 9 5 . . . .  
Now we know th a t  the next 5 d i g i t s  o f  the cyc le  are  08695- The cyc le  
can be b u i l t  up in t h i s  manner u n t i l  the d i g i t s  s t a r t  to  repea t .
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23
= .04 3 4 7 8 2 6 .
11 -  
23 “ . 8 2 6 0 8 6 9 5 . . .
11
23 .69565217.
_5_
23
. 2 1 7 3 9 1 3 0 . . .
_3_
23
. 13043478. ..
The complete c yc le  Is  then seen to be 0434782608695652173913.  This  
cyc le  has 22 d i g i t s ,  so n = 23 must generate  a set  o f  c y c l i c  f r a c t i o n s .
We w i l l  a lso  f in d  t h a t  n = 29 gives a set  o f  c y c l i c  f r a c t i o n s .  How­
e ve r ,  when we reach n = 31 ,  we f in d  th a t  the c yc le  is completed w i th  
only 15 d i g i t s .  I f  we then s e le c t  a f r a c t i o n  t h a t  does not belong to 
the c yc le  and do the same a n a ly s is ,  we w i l l  f i n d  a second 1 5 - d i g i t  c y c le .  
These two cycles  w i l l  account fo r  a l l  30 f r a c t i o n s  in the f r a c t i o n  set  
f o r  n = 31.  Here is a p o s s i b i l i t y  we had not considered b e fore ;  one
f r a c t i o n  set conta ins  two d i s t i n c t  c yc le s .
In l i g h t  o f  t h i s  d is cove ry ,  perhaps we should go back and have 
another look a t  the n o n -c y c l ic  f r a c t i o n  sets where 7 < n < 20.  When
n = 11,  we f in d  f i v e  cyc les  o f  two d i g i t s  each, and n = 13 has two
6 - d i g i t  c y c le s .  We w i l l  a lso  f in d  th a t  n = 37 has twelve 3 - d i g i t  c y c le s ,  
n -  41 has e ig h t  5 - d i g i t  c y c le s ,  and n = 43 has two 2 1 - d j g i t  c y c le s .
We observe th a t  when a f r a c t i o n  set has more than one c y c l e ,  the  
cycles a re  a l l  the same length and t h a t  the number o f  cyc les  times the  
number o f  d i g i t s  per cyc le  is  n - 1 . Some in s ig h t  as to why t h i s  happens 
can be gained by looking c lo s e ly  a t  an example,  say n = 13.
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y L  = .076923 y y  = .538461
y y  = .153846 y y  = .615384
= .230769  ^  = .692307
—  = .307892  y |  = .769230
= .348615 y y  = . 8A6153
= .46153& | |  = .923078
1 2We see th a t  y y  and y y  belong to  separate  cyc les  so l e t  us look c lo s e ly
a t  the long d iv is io n s  th a t  give  those expansions.
.076923 .153846
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The remainders when expanding y y  are  10, 9 ,  12, 3 ,  4 ,  and 1, so any time
the d i v is i o n  gives one o f  those remainders,  we w i l l  s t a r t  producing the
c yc le  076923. Those remainders w i l l  occur a t  the f i r s t  step in the
10 9 12 3 4 1expansions of  y y ,  y y ,  y y ,  y y ,  y y ,  and y y ,  and these s ix  f r a c t i o n s  each
begin w i th  a d i f f e r e n t  d i g i t  o f  the 6 - d i g i t  c y c le .  The remainders 7,
2 7
5,  11, 6 ,  8 ,  and 2 occur in the d iv is i o n  f o r  y y ,  and the f r a c t i o n s  y y ,
5 1 1 6  8 2
y y ,  y y ,  y y ,  y y ,  and y y  each begin w i th  a d i f f e r e n t  d i g i t  o f  the second
c y c l e ,  153846. Each possib le  remainder occurs in one o f  the two d i v i -
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sions,  th e r e fo r e  the two cycles  account f o r  a l 1 the proper f r a c t i o n s  w i th  
denominator 13 -.
We can now view c y c l i c  f r a c t i o n  sets as a spec ia l  case o f  a more 
general  phenomenon. A l l  f r a c t i o n  sets w i th  prime denominators w i 11 
have c y c l i c  expansions o f  vary ing  lengths .  The length  o f  each c yc le  w i l l  
be the same, and the number o f  cycles times the length  o f  each cyc le  w i l l  
be n -  1. What made the case n = 7 i n t e r e s t i n g  o r g i n a l l y  was the fa c t  
th a t  the expansions were f a i r l y  short  and there  was on ly  one c y c le ,  so 
the p a t te rn  was easy to see.
The teacher  should be caut ioned about f o l lo w in g  the sequence o u t ­
l ined  in t h i s  paper too s t r i n g e n t l y .  The e x p lo r a t io n  can take many 
d i r e c t i o n s ,  and students  should be al lowed to s t r u c t u r e  t h e i r  own i n v e s t i ­
g a t io n s .  For example,  students who are  competent a t  computer programming 
might wish to  make a computer search fo r  c y c l i c  f r a c t i o n  se ts .  They 
could f in d  a large  number o f  them and perhaps make some conjectures  about 
t h e i r  r e l a t i v e  frequency.  Do they occur less f r e q u e n t ly  or  more f r e ­
quently  f o r  l a rg e r  n,  o r  is t h e i r  frequency p ropor t iona l  to the frequency  
of  primes? I t  would be in t e r e s t i n g  to l e t  two groups o f  students pursue 
t h i s  top ic  independently ,  and then compare t h e i r  re s u l ts  and methods.
The i n i t i a l  d iscovery  o f  c y c l i c  f r a c t i o n s ,  the c l a s s i f i c a t i o n  of  
f r a c t i o n  sets by types o f  expansions,  and the method f o r  const ruct in g  a 
long cycle  w i th  the a id  o f  a c a l c u l a t o r  are  discussed by Sue S. Wagner, 
"Fun With Repeating Dec im als ,"  Mathematics Teacher 72 (March 1979),  
p. 209 - 12 . The p r o o f s , p l a u s i b i 1 i t y  arguments, and emphasis on the ro le  
o f  the remainders in the d iv is i o n  process are  the work of  the author .
CYCLIC FRACTIONS —  THEORETICAL CONSIDERATIONS
The previous c hapter ,  "C y c l ic  Fract ions  — Empirica l  E x p lo r a t io n s , "  
explored the occurrence o f  what were c a l l e d  c y c l i c  f r a c t i o n s .  Much data  
was generated,  and some conclusions were drawn. P l a u s i b i l i t y  arguments 
based on numerical examples were given to support the conclus ions.
Adept students might be in te re s te d  in f u r t h e r  j u s t i f i c a t i o n  o f  the  
r e la t io n s h ip s  t h a t  were uncovered.  Th is  chapter  presents  some o f  the  
number theory behind the conclusions th a t  were drawn. Students should 
not a ttempt to study t h i s  theory  w i thout  f i r s t  having done some o f  the 
numerical  e x p lo ra t io n s  o u t l in e d  in the previous u n i t .  Deductive proofs  
to  support the conclusions drawn re qu ire  the use o f  congruences and the  
d iv is i o n  a lg o r i th m .  In the previous lesson, we decided th a t  a l l  f r a c ­
t io n  sets w i th  prime denominators had one or  more cyc les  in t h e i r  
expansions.  For the re s t  o f  t h i s  a r t i c l e ,  l e t  p denote a prime number.
Before ,  i t  was decided th a t  p determined a c y c l i c  f r a c t i o n  set i f  
and only  i f  the per iod o f  the expansion of contained (p -  1) d i g i t s .
A sens ib le  place to begin a t h e o r e t i c a l  i n v e s t ig a t io n  is  to  see what can 
be determined about the length o f  the period o f  the decimal expansion o f  
-jj. This  expansion w i l l  begin to repeat the f i r s t  t ime we get a remainder  
o f  1, since th a t  puts us back where we began. Suppose there  are  m 
repeating  d i g i t s  in the e x p a n s i o n t h e n  the mth remainder is 1. Since  
the remainders d i c t a t e  what happens. in the d i v i s i o n ,  i t  would seem only  
n a tu ra l  t h a t  w e . t r y  to phrase t h i s  r e s u l t  in terms o f  congruences.  Con-
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gruences do not deal w i th  a remainder th a t  occurs several  places a f t e r
the decimal p o in t ;  they deal  w i th  the. remainder th a t  is l e f t  a f t e r  an
in te g ra l  q u o t ie n t  has been o b ta in e d . .  To get around t h i s  problem,  
1 mm u l t i p l y  -jj by 10 . This s h i f t s  the decimal po in t  m places to the r ig h t
so the f i r s t  m d i g i t s  o f  the expansion (the repeat ing  block) appear in
f r o n t  o f  the decimal p o i n t ,  and there  is  a remainder o f  1 a f t e r  the
1 Qm 1
in te g ra l  p a r t  o f  the d i vi  sion i s completed. We can wri  te  — = q + —, 
or  10m = qp + 1, where q is  an m - d ig i t  number. This  l a s t  equation  is  
e a s i l y  r e w r i t t e n  as 10m = 1 (mod p) where m is the length of  the period
i f  m is the length o f  the p e r io d ,  then a remainder o f  1 occurs a f t e r  
m d i g i t s ,  but a lso  a f t e r  2m d i g i t s ,  3m d i g i t s ,  and so on. So i f  10m = 1 
(mod p) then a lso  10^m = 1 (mod p ) , 10^m = 1 (mod p ) , e t c .  We are  
in te re s te d  in the smal lest  p o s i t i v e  in teger  m such t h a t  10m = 1 (mod p ) .
In number theory t h i s  sm al lest  in te g er  is c a l l e d  the order  o f  10 modulo 
P*
Now g e n e r a l i z e  a b i t  and consider  the expansion o f  where 1 a a < n.  
The d i g i t s  w i l l  begin to repeat when we get a remainder of  a ,  say a f t e r  
m' d i g i t s .  Using the same reasoning as b e fo re ,  we can get th a t  a -10 m =
m  *
q 'p  + a ,  or a*10  = a (mod p ) . A property  o f  congruences is th a t  i f  a
and p are  r e l a t i v e l y  prime, we can cancel  a f a c t o r  o f  a from each s ide
o f  the congruence.  Since 1 < a < p and p is prime, a and p must be
m1r e l a t i v e l y  prime. Hence, we can get th a t  10 = 1 (mod p ) . Again ,  we
get th a t  m' is the order  o f  10 modulo p, so the period o f  the expansion
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two or  more c y c le s ,  a l l  the cyc les  a r e , t h e  same length .
I f  we want to p re d ic t  the length o f  the period in the expansion o f  
-jj, we must determine the sm al les t  in te g e r  m f o r  which 10m = 1 (mod p) .
We could simply t r y  successive values f o r  m u n t i l  we f in d  one. There is ,  
however, a way to  r e s t r i c t  the possib le  values f o r  m. An important  
theorem in number theory  is Fermat 's L i t t l e  Theorem, which says th a t  i f  
p is prime and a and p a re  r e l a t i v e l y  prime, then a 13  ̂ 5 1 (mod p ) . 
Applying t h is  theorem, we have t h a t  101"1  ̂ = 1 (mod p ) . Recal l  the long 
d iv is io n  which is used to expand-^-. I f  the per iod is m d i g i t s ,  a remain­
der o f  1 occurs a f t e r  m d i g i t s ,  a f t e r  2m d i g i t s , and so on. Fur thermore,  
these are  the on ly  places t h a t  a remainder o f  1 occurs,  s ince  the  
appearance o f  1 s ignals  the s t a r t  o f  a new p er io d .  T h e re f o re ,  10y = 1 
(mod p) i f  and only i f  y is  a m u l t i p l e  o f  m. Since 10*3  ̂ = 1 (mod p) , 
we can conclude th a t  p -  1 is a m u l t i p l e  o f  m, o r  e q u i v a l e n t l y ,  th a t  m is  
a f a c t o r  o f  p -  1.
This  property  reduces the work involved in f in d in g  the period of  a 
f r a c t i o n  w i th  prime denominator. .  Suppose we wish to determine the per iod  
o f  j j . We must have t h a t  m is a f a c t o r  o f  16 , or  m = 1, 2 ,  4 ,  8 ,  or 16. 
10 = 10 (mod 17) ,  10^ = 15 (mod 1 7 ) ,  10^ = 4 (mod 17) ,  and 10^ = 16 (mod 
1 7 ) ,  so by the process o f  e l i m i n a t i o n  we know th a t  1 0 ^  = 1 (mod (17) and 
the per iod o f  the expansion o f  y y  is 16 d i g i t s  long. We know, then,  tha t  
p = 17 determines a f r a c t i o n  set w i th  one c y c le ,  or what we o r i g i n a l l y  
c a l l e d  a c y c l i c  f r a c t i o n  s e t .
Now in v e s t ig a te  the length o f  the per iod o f  Tjy- The. length  o f  the  
period is a f a c t o r  o f  40 ,  so m = 1, 2 ,  4,  5, 8,  10, 20,  or 40.  T ry in g
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*)these p o s s i b i l i t i e s  in o r d e r ,  we get 10 = 10 (mod. 4 1 ) ,  10 = 18 (mod 4 1 ) ,
10^ = 37 (mod 4 1 ) ,  and 10^ = 1 (mod.41),  so the expansion ° f  -jjy has a
5 - d i g i t  per io d .  We.also know th a t  a l l  proper f r a c t i o n s  w i th  denominator  
41 have 5 - d i g i t  per io ds .  Each 5 -d ig i  t  c y c le  accounts f o r  5 o f  the f r a c ­
t i o n s ,  so 8 separate  c yc les  a re  needed to take care o f  a l l  40 f r a c t i o n s .  
To see which f r a c t i o n s  belong to which c y c le ,  we can study the d iv is io n
required to expand one o f  the f r a c t i o n s .  For ins tance ,
.02439  
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This  cyc le  w i l l  be ente red  when a remainder o f  10, 18, 16,  37,  o r  1
1° 18 16 37 . 1 k i * ioccurs ,  so the f r a c t i o n s  -jpp ■^y, -yj-, y p  and -jpp belong to t h i s  c y c le .
I f  the order  o f  10 modulo p is p -  1 then 10 is  c a l l e d  a p r i m i t i v e
root modulo p. We can now s ta te  t h a t  p generates a c y c l i c  f r a c t i o n  set
( i . e .  a f r a c t i o n  set whose expansions a l 1 belong to the same c y c l e ) ,
i f  and only i f  10 is a p r i m i t i v e  root modulo p. I t  can be proven th a t
every  prime has a t  le a s t  one p r i m i t i v e  ro o t ,  but th e re  is no known method 
f o r  p re d ic t in g  what the roots w i 11 be.  To f in d  them, i t  is necessary to  
use t r i a l s .  I t  is a ls o  not known whether the set o f  primes having 10 as 
a p r i m i t i v e  root (and hence genera ting  c y c l i c  f r a c t i o n  se ts )  is i n f i n i t e  
or how these primes are  d i s t r i b u t e d .
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I t  is possib le  to extend some of the r e s u l t s  der ived  here t o  more 
general  theorems. For ins tance ,  by r e f e r r i n g  to the d iv is io n  process,  
i t  was possib le  to show t h a t  10y = 1 (mod p) i f  and only i f  y is a 
m u l t i p l e  o f  the order  o f  10 modulo p. A g e n e r a l i z a t io n  of  t h i s  r e s u l t  
is a we l l  known theorem in number theory : ay = 1 (mod p) i f  and o n ly  I f  
y is a m u l t i p l e  o f  the order  o f  a modulo p. This can be j u s t i f i e d  by 
c o n s i d e r i n g a d i v i s i o n  in base a .  In f a c t , th i  s study can serve as a 
m otiva t io n  to introduce a number theory  u n i t  in congruences.
I t  is  a small step to  extend the a n a ly s is  o f  the p e r i o d i c i t y  o f  
decimal expansions to  f r a c t i o n s  w i th  composite denominators which do not  
inc lude a f a c t o r  o f  2 or 5. The a n a ly s is  o f  the length o f  the per iod  
o f  — did not ever use the f a c t  th a t  p was prime. T h e re fo re ,  t h i s  samep
argument can be used to show th a t  fo r  any number n,  r e l a t i v e l y  prime to
10,  the period of  the expansion o f  is  the order  o f  10 modulo n.  In
g e n e r a l i z in g  the argument to  the proper f r a c t i o n  —, we did use the  f a c t
th a t  p was prime,  but only  to  show t h a t  a and p must be r e l a t i v e l y  prime.
I f  we r e s t r i c t  ourselves to  only those f r a c t i o n s  — which cannot be1 n
reduced, then a and n are  r e l a t i v e l y  prime, and we can again say t h a t
a 1the period o f  — is the  same as th a t  o f  —.n n
Upon f i r s t  g lance ,  i t  might seem th a t  there  is nothing in the  argu^- 
ments to  prevent apply ing  them to where n includes f a c to rs  o f  2 o r  5 ,  
i . e .  when n = 2 r 5Sn^. The problem is th a t  in t h i s  case the re  is no 
number m such t h a t  10m = 1 (mod 2 r 5Sn 1) •  I f  r t  0 ,  t h i s  would imply 
th a t  10m =? q ( 2 r 5Sn^) + 1 = 2 (q 2 r  ̂ 5Sn ^ ) ,  which in d ica te s  th a t  1Qm is  
odd, a c o n t r a d i c t i o n .  I f  r = 0 then s t  0 so we can argue th a t  10m =
98
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q(5  + 1  = 5(q5, n^) .+ 1 , a ls o  a c o n t r a d i c t i o n .  What t h i s  means in
terms o f  the long d iv is i o n  process is th a t  a remainder o f  1 does not  
occur.  I f  n̂  ^ 1 the f r a c t i o n  must rep ea t ,  so the repeating  block must 
begin sometime a f t e r  the f i r s t  p o s i t i o n ,  what we c a l l e d  a delayed  
re p e a te r .  An example can be seen in . the  expansion of
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In ge n e ra l ,  i t  can be shown th a t  i f  — is a reduced f r a c t i o n  and
P S  3n = 2 5 rtj , then the decimal expansion o f  — has period equal to  the
exponent to which 10 belongs modulo n ^ , and th e re  are  t  = m a x{ r ,s }  non­
repeating  d i g i t s  in f r o n t  o f  the repeating  b lock .  A proof can be found 
in James E. Shockley,  In t ro d u c t io n  to  Number Theory (New York: H o l t ,  
Rinehart  £ Winston,  1967),  P- 93*
CONCLUSION
Teaching problem solv ing requ ires  not only  f in d in g  a so lu t io n  to  a 
problem, but more im p o r ta n t ly ,  i t  requ ires  v e r b a l i z in g  how th a t  s o lu t ion  
was ob ta in e d .  Students^ should be t o ld  what assumptions were made and 
why they were necessary,  what d i r e c t io n s  were t r i e d  tha t  did not prove 
success fu l ,  how the successful  d i r e c t i o n  was d iscovered ,  how p re v ious ly  
learned knowledge was synthesized in to  the s o l u t i o n ,  and how the  re s u l ts  
were eva luated  f o r  reasonabi 1 i ty and consis tency.  I t  is d i f f i c u l t  to  
become accustomed to  v e r b a l i z in g  a l l  the thought processes th a t  lead to  
a s o lu t io n .  The teacher  must become adept a t  t h i s  type o f  e xp lana t ion  
so the students can understand the e n t i r e  process o f  solv ing a problem.
In a d d i t i o n ,  the teacher  should r e q u i re  the students to do more than 
simply report  answers.  They should be ab le  to  g ive  o ra l  or w r i t t e n  
exp lana t ions  o f  how they a r r i v e d  a t  those answers.  The d e t a i l  and depth 
of  the exp la na t ions  should increase as the  students become more accustomed 
to t h is  task  and more adept a t  mathematics.  Such a c t i v i t y  w i l l  take  a 
considerab le  amount o f  t ime;  i t  is  simply not possib le  to  move a t  the  
rap id pace th a t  a l e c t u r e - s t y l e  o f  teaching permits .
The problems in t h i s  thes is  are  ones th a t  could be used f o r  a u n i t  
in problem solv ing  or as supplementary problems in te g ra ted  in to  the  
re gu la r  c u r r ic u lu m .  The author  has attempted to discuss the h e u r i s t i c s  
of  the s o lu t ions  and to in d ic a te  how these h e u r i s t i c s  could be developed
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in a classroom. The s k i l l s  required f o r  successful  problem so lv ing  are  
gained slowly and re q u i re  cont inua l  re inforcement  and expansion.  There ­
f o r e ,  the teacher  is urged to t r a n s f e r  problem solv ing  techniques to  
teaching the re s t  o f  the curr icu lum .  Once a s t ra teg y  has been in troduced,  
i t  should be pointed out whenever i t  is subsequently used. In a sense,  
then ,  problem solv ing becomes a teaching s t y le  ra th e r  than a teaching  
t o p i c .
In a problem so lv ing  s t y le  o f  teach ing ,  much emphasis is put on 
a l t e r n a t e  methods of s o lu t io n .  The teacher  must be c o n t i n u a l l y  recep­
t i v e  to suggestions f o r  a l t e r n a t e  so lu t io n s  from the s tudents .  Even 
approaches which w i l l  not lead to  s o lu t io n s  should be f u l l y  examined to 
see why they f a i l .  I f  a l l  suggestions are  accepted and considered ,  
students w i l l  be more in c l in e d  to  o f f e r  them and thus more ideas about  
a p a r t i c u l a r  s i t u a t i o n  w i l l  be generated.
I t  has been the a u t h o r ’ s exper ience  th a t  teaching problem solv ing  
is fu n ,  both f o r  the students and the te a ch e r .  I t  requ i res  some r e ­
o r i e n t a t i o n  o f  the t r a d i t i o n a l  p ic t u r e  o f  students r a is in g  t h e i r  hands 
one a t  a t ime to  ask quest ions w h i le  o thers  work q u i e t l y  in an o r d e r ly  
classroom. Like  any readjustment o f  the teaching process,  a problem 
solv ing  s t y le  o f  teaching requ ires  some in d iv id u a l  f i n e - t u n i n g  before  
any teacher  w i l l  f e e l  comfortable  w i th  i t .  The p o t e n t ia l  o f  having  
students be more a c t i v e l y  involved in the discovery  o f  mathematics would 
seem to  j u s t i f y  th a t  e f f o r t .
SOURCES CONSULTED
Abelson, Harold and diSessa,  Andrea. T u r t l e  Geometry. Cambridge: MIT 
Press, 1981.
Bloom, Benjamin S . ,  ed.  Taxonomy o f  Educational  O b je c t iv e s .  V o l .  1:
Cogn i t  i ve Doma i n . New York: Davi d McKay C o . , 195b.
Budni tsky,  Joseph. "Reader R e f l e c t io n s . "  Mathematics Teacher 73 (October
1980):  A8 9 .
Coxeter,  H. S. M. In t ro d u c t io n  to Geometry. 2nd ed. New York: John Wiley  
& Sons, 1969*
Cunningham, George S. "Farey Sequences." Enrichment Mathematics f o r  High 
School,  Twenty -e ight  Yearbook o f  the National  Council o f  Teachers 
ot Mathematics. Washington: N a t io n a1 Counci1 of  Teachers of  Mathe­
m a t ics ,  I9b3. .
Dunkels,  Andre js .  "Clock Problem - -  a Second T ime."  Mathematics Teacher  
72 (May 1979):  322,
Engineering Concepts Curr iculum P r o je c t .  The Man-Made W or ld . New York:  
McGraw-H i l l ,  1971.
Greenes, Caro le ;  Gregory,  John; and Seymour, Da le .  Successful  Problem 
Solving Techniques. Palo A l to :  C re a t ive  P u b l ic a t  ions , 1977.
Hardy,  G. H. and W r ig h t ,  E. M. An In t roduc t ion  to the Theory o f  Numbers. 
London: Oxford U n iv e r s i t y  Press,  19^5•
H irsch ,  C h r is t i a n .  "Poinsot S t a r s . "  Mathematics Teacher 73 (January 1980):  
260 - 63 .
H i r s t e i n ,  James J.  "Phonograph Records and Adding Machine Paper ."  
Mathematics Teacher 73 ( A p r i 1 1980):  258 -  61.
Honsberger, Ross. Do lc ian i  Mathematical  Expo s i t ions .  No. 3: Mathematical  
Morsels,  n . p . : Mathemat i c a 1 Associa t ion  o f  America, 1978-
Johnson, Loren e t .  a l .  "How to  Boil  an Egg in 15 Minutes and Other  
Problem Solving E x e rc is e s . "  Missou la ,  1977. (Mimeographed.)
K r u l i k ,  Stephen and Rudnick, Jesse A. Problem Solv ing ,  A Handbook For 
Teachers.  Boston: A l ly n  & Bacon, 1980.
101
102
Locke, P h i l .  “Residue Designs." Mathematics Teacher 65 (March 1972):
260 - 63 .
National  Council o f  Teachers o f  Mathematics.  An Adgenda f o r  A c t i o n : 
Recommendations f o r  School Mathematics of  the 1980s. Reston:
NCTM P u b l ic a t io n s ,  1980.
Nationa l  Council o f  Teachers o f  Mathematics.  P r i o r i t i e s  in School 
Mathemat ics . Reston: NCTM P u b l i c a t i o n s , 1981.
Niven,  Ivan and Zucherman, Herbert  S. An In t roduc t ion  to the Theory of  
Numbers. 3rd ed.  New York: John Wi ley  £ Sons, 1972.
Olds,  C. D. Cont inued Fract ions . New York: Random House, 1983*
Polya ,  George. Mathematical D iscovery . New York: John Wiley  £ Sons, 1962.
Re inhardt ,  Howard E. and Lof tsgaarden , Don 0 .  Elementary P r o b a b i l i t y  and 
S t a t i s t i c a l  Reasoning. Lexington,  Mass.: D. C. Heath & C o . , 1977-
Shockley,  James E. In t ro d u c t io n  to Number Theory . New York: H o l t ,
Rinehart  £ Winston, 1967•
Sobel , Max A. and Maletsky ,  Evan M. E ss e n t ia ls  o f  Mathematics. Vo l .  1: 
S k i l l s  and Concepts. Boston: Ginn S C o . , 1969-
Wagner, Neal .  "The Faceless C lo c k ."  Mathematics Teacher 70 (December 
1977):  765.
Wagner, Sue S. "Fun With Repeating Dec imals ."  Mathematics Teacher 72 
(March 1979):  209 -  12.
Whimbey, Ar thur  and Lockhead, Jack.  Problem Solving and Comprehension. 
P h i la d e lp h ia :  F ra n k l in  I n s t i t u t e  Press,  1979-
Whitehead, A l f r e d  North .  Aims of Education and Other Essays. New York:  
Macmil lan Co. ,  1929.
